Brouwer’s Fixed Point Theorem: Methods of Proof and Generalizations

by

Tara Stuckless B.Sc., Memorial University of Newfoundland, 1999

a thesis submitted in partial fulfillment of the requirements for the degree of

Master of Science

in the Department of Mathematics

© Tara Stuckless 2003 SIMON FRASER UNIVERSITY

March 2003

All rights reserved. This work may not be reproduced in whole or in part, by photocopy or other means, without the permission of the author.

APPROVAL

Name: Tara Stuckless

Degree: Master of Science

Title of thesis: Brouwer’s Fixed Point Theorem: Methods of Proof and Generalizations

Examining Committee: Dr. P. Borwein Chair

Dr. J.M. Borwein Senior Supervisor

Dr. A. Lachlan Department of Mathematics

Dr. S. Choi Department of Mathematics

Date Approved:

Abstract

The familiar Brouwer fixed point theorem says that any continuous self-map f on a compact convex subset X of finite dimensional Euclidean space E must leave at least one point fixed. This result is easy to state, but notoriously complicated to prove. We will give a sample of the various methods of proof available, ranging from the degree-theoretical methods used by Brouwer in the early 20th century, up to a recent proof based on an alternate change of variables formula for multiple integrals. We will also explore extensions of the theorem based on generalizations the space E, the set X, and the function f.

Acknowledgments

First and foremost I would like to thank my supervisor, Dr. Jonathan Borwein, for his direction, advice, and patience.

I also thank Daniel Dyer, for his support and help in everything I do.

Contents

Approval . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii 1 Background and Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1 The Topological Fixed Point Property . . . . . . . . . . . . . . . . . . 1 1.1.1 Background on Simplexes and Triangulations . . . . . . . . . 5 1.1.2 Background in Analysis and Topology . . . . . . . . . . . . . 5 1.1.3 Upper Semicontinuous Multifunctions . . . . . . . . . . . . . 6 2 Brouwer’s Fixed Point Theorem . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.1 Nonanalytic Methods of Proof . . . . . . . . . . . . . . . . . . . . . . 8 2.1.1 The Degree of a Self–map on S^{n−1} . . . . . . . . . . . . . . . 9 2.1.2 The KKM Theorem . . . . . . . . . . . . . . . . . . . . . . . 15 2.1.3 Via Homology Groups . . . . . . . . . . . . . . . . . . . . . . 16 2.2 Analytic Methods of Proof . . . . . . . . . . . . . . . . . . . . . . . . 20 2.2.1 The Hairy Ball Theorem . . . . . . . . . . . . . . . . . . . . 21 2.2.2 An Alternate Change of Variables Formula . . . . . . . . . . 26 2.2.3 Garcia’s Proof . . . . . . . . . . . . . . . . . . . . . . . . . . 31 3 Generalizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.1 Extensions to Infinite Dimensions . . . . . . . . . . . . . . . . . . . . . 35 3.1.1 Schauder’s Fixed Point Theorem . . . . . . . . . . . . . . . . 35 3.1.2 Tychonoff’s Fixed Point Theorem . . . . . . . . . . . . . . . 37 3.2 Fixed Point Properties for Closed Bounded Convex Sets . . . . . . . . 39

3.2.1 Theorems with Boundary Conditions . . . . . . . . . . . . . 39 3.2.2 Conditions on Compactness . . . . . . . . . . . . . . . . . . . 40 3.3 Other Extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 4 Multifunctions and Kakutani’s Theorem . . . . . . . . . . . . . . . . . . . . . 48 4.1 Kakutani’s Fixed Point Theorem . . . . . . . . . . . . . . . . . . . . . 49 4.2 Extended to Banach Space . . . . . . . . . . . . . . . . . . . . . . . . 50 4.3 Theorems with Boundary Conditions . . . . . . . . . . . . . . . . . . . 52 5 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 5.1 The KKM-Map Principle . . . . . . . . . . . . . . . . . . . . . . . . . 57 5.2 Solutions to Differential Equations . . . . . . . . . . . . . . . . . . . . 59 5.3 The Jordan Curve Theorem . . . . . . . . . . . . . . . . . . . . . . . . 60 5.4 Existence of Equilibrium Points . . . . . . . . . . . . . . . . . . . . . . 62 5.5 A Note on the Fundamental Theorem of Algebra . . . . . . . . . . . . 63 Appendix: A Compact Contractible Set Without the tfpp . . . . . . . . . . . . . . 64 Bibliography . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

List of Figures

1.1 The fixed point property on [0, 1]. . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 The sin

(_1 x ) circle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.3 An unbounded, nonclosed set with the tfpp. . . . . . . . . . . . . . . . . . . . 3

2.1 The two cases in the proof of lemma 2.1.2. . . . . . . . . . . . . . . . . . . . . 12

5.1 Kinoshita’s example: A = A_1 ∪ A_2 ∪ A_3. . . . . . . . . . . . . . . . . . . . . . 65

Chapter 1

Background and Preliminaries

1.1 The Topological Fixed Point Property

A fixed point of a function f : X → X is an element x ∈ X that satisfies f(x) = x. Given a set X, it is possible to ask what types of functions on X have a fixed point. Alternatively, we could consider a class of functions, and investigate the kinds of sets on which a function in our class will have a fixed point. It is the latter course of investigation that is the main subject here. A set X is said to have the topological fixed point property (tfpp) provided every continuous self–map on X has a fixed point. Clearly the space R^n does not have the topological fixed point property. It is not hard to see the closed unit interval does have the fixed point property.

Figure 1.1: The fixed point property on [0, 1].

As the above picture illustrates, if f : [0, 1] → [0, 1] is a continuous function with no fixed point in [0, 1), then f(0) ≠ 0. As we let x vary continuously from 0 to 1, by our assumption, and continuity of f, f(x) must always stay between x and 1. This forces f(1) = 1.

In general, it is not known exactly what type of sets possess the tfpp. At the very least, we might expect that such a set would have to contain its limit points. Otherwise a continuous function might be able to shift each element of X closer to a missing limit point. Thus it seems reasonable that compactness be a required property. However this is clearly not sufficient. For example, the set [0, 1] ∪ [2, 3] does not have the tfpp. In light of this, we might also ask that our set have no “holes” in it. For in this case we might consider a rotation around the missing set. Thus, it might be prudent to restrict ourselves to contractible sets. That is, sets that can be continuously deformed to a point. Of course, this property alone would not guarantee a fixed point for f. For example (0, 1) does not have the tfpp. The next logical step would be to consider whether sets with both properties, sets that are compact and contractible, have the tfpp. This question was posed by Borsuk in 1932, and remained open for more than 20 years. It was answered in the negative when Kinoshita [38] gave a beautiful example of a compact, contractible set without the topological fixed point property. What we need is something a little stronger than contractibility. Any convex set is contractible. It turns out that compact and convex is sufficient to ensure the existence of fixed points. Also, among convex sets, compactness is necessary [39].

However, there do exist sets that are nonconvex that do have the tfpp. One interesting example is the sin(^1_x ) circle. This set consists of the closure of the set {(x, y) : y = sin(^1_x ), 0 < x ≤^1_π }, together with an arc joining the points (0, 1) and (^1_π , 0).

Figure 1.2: The sin

(_1 x ) circle.

An argument similar to that above for the unit interval shows that this set has the tfpp. This “nowhere left to go” reasoning is sometimes referred to as the “dog chasing a rabbit” argument.

The following is an interesting example of a set in R^2 that is neither convex, nor compact, but still has the topological fixed point property.

Figure 1.3: An unbounded, nonclosed set with the tfpp.

The figure consists of a base segment X_0 = [0, 1] on the x–axis, with vertical segments X_n starting at the point (^1_n , 0) and extending to (^1_n , n). This set is neither closed nor bounded, thus certainly not compact. To see that X has the fixed point property, let f : X → X be continuous. Denote by x_n the point (^1_n , 0). There are three cases to consider. First, if there is an n ∈ N with f(x_n) = x_n, then we are done. Else, suppose there is an n such that f(x_n) ∈ X_n \ {x_n}. Now let r be a retraction of X onto X_n. Then r ∘ f : X_n → X_n is continuous, and thus has a fixed point, say x_0. By our assumption, x_0 cannot be x_n, and hence x_0 = r(f(x_0)) = f(x_0). The final case to consider is that for every n ∈ N, f(x_n) is not in X_n. Then let r be the retraction of X onto X_0, and a similar argument as in the previous case gives us a fixed point for f.

Thus among nonconvex sets, compactness and contractibility do not have a direct relationship with the topological fixed point property. In general, it is not known what types on nonconvex sets have the property. For a discussion of various types of nonconvex sets, and the tfpp, see [6].

Some useful facts about the topological fixed point property are immediately obtained.

Remark 1 The topological fixed point property is a topological invariant.

Proof. Suppose X has the tfpp, and let h : X → Y be a homeomorphism. Suppose f : Y → Y is continuous. Then h^{−1} ∘ f ∘ h : X → X is continuous, and by supposition has a fixed point, x. Then f(h(x)) = h(x), and Y has the tfpp. ■

A retraction of a set X onto a subset Y ⊆ X is a continuous function r : X → f(X) = Y such that f|_Y is the identity map.

Remark 2 The topological fixed point property is preserved under retractions.

Proof. Suppose X has the tfpp, and let r : X → Y be a retraction. Suppose f : Y → Y is continuous. Then f ∘r : X → X is a continuous self–map of X, so for some x, f ∘r(x) = x. Since x ∈ Y , r(x) = x, and x is a fixed point of f. Thus Y has the tfpp. ■

Brouwer’s theorem is the assertion that a compact convex set in R^n has the topological fixed point property. In this thesis we give a brief survey of some of the main results in topological fixed point theory, with a particular focus on Brouwer’s fixed point theorem. It has been estimated that while 95% of mathematicians can state Brouwer’s theorem, less than 10% know how to prove it [27]. Chapter two may help to remedy this. We present several different proofs using tools from various fields, their conception ranging in time periods from 1910, up to only a few years ago. Some of the proofs are analytic, while others rely more on combinatorial and algebraic methods. It is the author’s hope that any mathematician will relate to one of the methods demonstrated.

Brouwer’s theorem has been generalized in numerous ways. In chapter three, we highlight what we hope are some of the main points in this development for single valued mappings. The basic extensions are Schauder’s and Tychonoff’s fixed point theorems. We also mention fixed point properties of closed bounded sets based on boundary conditions, and assumptions involving compactness. In chapter four, we give the multifunction analog of Brouwer’s theorem, and also of some of the results in chapter three. The final chapter is a brief note meant to illustrate the wide range of applications that Brouwer’s theorem and its descendants have had in mathematics.

1.1.1 Background on Simplexes and Triangulations The closed convex hull of a subset A = {a_i . . . , a_k} ⊆ R^n is the set conv(A) = {

∑_k i=1 λ_ia_i :

λ_i ≥ 0, ∑ λ_i = 1}. A subset S of R^n is called a k–simplex, or k-dimensional simplex, provided there exists a set V = {v_0, · · · , v_k}, such that the vectors (v_1 − v_0), (v_2 − v_0), · · · , (v_k − v_0) are linearly independent, and S = conv{v_0, · · · , v_k}. The v_i are called the vertices of S. If context is clear, we may simply write S = {v_0, . . . , v_k} to refer to the simplex S. A p–face of S is the closed convex hull of any subset of p points in V . The ordering of the set V determines an orientation of the simplex. If two orderings differ by an even permutation, then they induce the same orientation. If they differ by an odd permutation, they induce opposite orientations of the simplex S. A finite collection K of simplexes that contains the faces of each of its members, and is such that any two members of K who intersect do so in a face, is called a simplicial complex. A simplicial subdivision of a k–simplex S is obtained by adding vertices to the vertex set of S, and then adding new faces to S in such a way that a simplicial complex is obtained. A k–simplex in this new collection is called a k–subsimplex of the complex. A triangulation of a topological space X consists of a simplicial complex K, and a homeomorphism h : |K| → X, where |K| is the complex K thought of as a subset of Euclidean space, endowed with the subspace topology.

A labeling of a k–simplex, or simplicial complex, S is a function μ that maps the set of vertices V = {v_0, v_1, · · · v_k} of S to the set of integers {0, · · · , k}. A labeling of a k–simplex is said to be proper provided this mapping is a bijection. A simplicial subdivision S^′ of a k–simplex S is properly labeled provided μ|_S is a proper labeling, and for any vertex v ∈ S^′ contained in a face of S carrying the labels i_0, i_1, · · · , i_m, μ(v) is one of i_0, i_1, · · · , i_m. A k–subsimplex S of a properly labeled simplicial subdivision is called distinguished if μ maps S onto the set {0, 1, · · · , k}. It is true that any properly labeled simplicial subdivision of a k–simplex S contains an odd number of distinguished k–subsimplexes.

1.1.2 Background in Analysis and Topology Let E be a topological space, and X ⊆ E. A function f is continuous if the inverse image under f of an open set is open. An open cover of X is a collection of open sets whose union contains X. We say X is compact provided every open cover has a finite subcover. This is equivalent to stating that every collection of closed sets in X with the finite intersection property has nonempty intersection. A metric space is compact provided every sequence has a convergent subsequence. In R^n compactness is equivalent to closed and bounded. If f is continuous, and X is compact, then f(X) is compact. Any closed subset of a compact space is compact. If points in X can be separated by disjoint open sets, then we say X is Hausdorff. In a Hausdorff space compact subsets are closed. A compact Hausdorff space is normal, by which we mean closed sets can be separated by disjoint open sets.

A family {U_i}_{i∈I} of subsets of X is called neighbourhood finite (nbd–finite) if each x in X has a neighbourhood V such that V ∩ U_i ≠ ∅ for at most finitely many i ∈ I. For X Hausdorff, a family {β_i}_{i∈I} of continuous real valued maps is a partition of unity on X, provided the supports of the β_i form a nbd–finite closed covering of X, 0 ≤ β_i(x) ≤ 1, and ∑ β_i(x) = 1, for each x in X. Given an open cover {U_i}_{i∈I} of X, we say a partition of unity {β_i}_{i∈I} is subordinate to this cover if for each i, the support of β_i lies in U_i. If X is (para)compact then any open cover of X admits a partition of unity subordinate to it. A topological vector space is a vector space equipped with a topology such that scalar multiplication and vector addition are continuous. In what follows, we must be able to topologically distinguish points. Thus we assume that all spaces are Hausdorff.

1.1.3 Upper Semicontinuous Multifunctions Let X and Y be topological spaces. A multifunction F : X → 2^Y is a mapping that sends points x in X to subsets F (x) of Y . We write ∪_{x∈X} F (x) = F (X). For y ∈ Y , we define the inverse of F at y to be F^{−1}(y) = {x ∈ X : y ∈ F (x)}. For B ⊆ Y , F^{−1}(B) = {x ∈ X : F (x) ∩ B ≠ ∅}. The graph of F is the set Gr(F ) = {(x, y) ∈ X × Y : y ∈ F (x)}. We say that F is upper semicontinuous (usc) at x ∈ X if for every neighbourhood V of F (x), there exists a neighbourhood U of x with F (U) ⊆ V . We say that F : X → 2^Y is usc if it is usc at every x ∈ X. If Y is compact, and the images F (x) are closed, then F is usc if and only if Gr(F ) is closed in X × Y . In this case, if Y is compact, we also have that F is usc if x_n → x, y_n → y, and y_n ∈ F (x_n), together imply that y ∈ F (x). In a topological vector space, a usc multifunction with nonempty, compact, convex images is called a cusco for short. Some facts about cuscos are immediate.

Proposition 1 Let X be a compact subset of a topological vector space. If F : X → 2^X is a cusco, and f : X → X is linear, then f ∘ F : f(X) → 2^{f(X)} is a cusco.

Proposition 2 Let X ⊆ Y be subsets of a Banach space, with X closed. If F : X → 2^X is a cusco, and f : Y → X is continuous, then F ∘ f : Y → 2^Y is a cusco.

Chapter 2

Brouwer’s Fixed Point Theorem

Brouwer’s fixed point theorem is the assertion that the class of compact convex sets in R^n has the fixed point property. As is often the case, Brouwer was not the first to prove “his” theorem. The result has its roots at least as far back as 1817, when Bolzano’s intermediate value theorem appeared. In 1883 Poincaré generalized this result in what is known as the Bolzano-Poincaré-Miranda theorem.

Theorem 2.0.1 Let f : R^n → R^n be continuous, and suppose that |x_i| ≤ a_i, for some prescribed set of reals a_i > 0, and 1 ≤ i ≤ n. Further suppose that on each face x_i = a_i, we have f_i(x) > 0, and for x_i = −a_i, we have f_i(x) < 0. Then there exists x such that f(x) = 0.

Miranda’s name has been attached to this theorem because in 1941 he proved that it was in fact equivalent to Brouwer’s theorem. This wasn’t the only equivalent result to preclude Brouwer’s publication of his theorem. In 1904, Bohl used Green’s Theorem to prove that there could be no retraction of the n–cube onto its boundary [8]. There does not seem to be evidence that Bohl made the short leap from this to deduce Brouwer’s theorem. Following this, in 1909 Brouwer proved the theorem in R^3. Then in 1910, using Kronecker indices, Hadamard published a proof of the theorem for general n in the appendix of a book by Tannery [54]. It wasn’t until 1912 that Brouwer himself published his proof in R^n [13]. He used simplicial approximations and the degree of a map to prove his theorem in the setting of an n–simplex.

1883 : Bolzano–Poincaré–Miranda theorem.

1904 : Bohl proves no retraction of n–cube onto its boundary. 1909 : Brouwer proves Brouwer’s theorem in R^3. 1910 : Hadamard proves Brouwer’s theorem in R^n. 1912 : Brouwer proves Brouwer’s theorem in R^n.

It seems to have been generally accepted that Brouwer knew the theorem to be true in 1910. In fact, Hadamard knew of the theorem through a letter from Brouwer himself, which he received that same year [26]. Still, it is clear that Brouwer was not the first to prove the Brouwer fixed point theorem. It is somewhat ironic that decades his name was the one attached to the result, when decades later his intuitionist philosophy dictated he reject his nonconstructive proof [14]. We state now, Brouwer’s fixed point theorem.

Theorem 2.0.2 (Brouwer’s Fixed Point Theorem) Any compact convex subset of R^n has the fixed point property.

Brouwer’s original proof used complicated ideas such as the degree of a map. In the decades that followed, mathematicians searched for proofs that were simpler, or somehow better, or that used the language of a certain field. In this chapter we explore various proofs of the theorem, ranging from the early 20th century, up to the beginning of the 21st. We have divided the chapter into two sections; nonanalytic proofs, and analytic proofs. By analytic, we mean that a student with knowledge of calculus and some real analysis should be able to understand the proofs.

2.1 Nonanalytic Methods of Proof

In general, the proofs in this section are the earlier methods used to prove Brouwer’s theorem. Brouwer himself used the notion of the degree of a map on the sphere, and it is a proof based on this literature that we present first. The second method we illustrate uses the famous KKM theorem. It is relatively easy to derive Brouwer’s theorem from KKM, but the section has been shortened in that we leave out the proof of Sperner’s lemma. Still, the proof of the lemma is not hard, and thus this may be the most elementary proof we show. The final nonanalytic proof we give uses the nth–homology groups of a topological space X. There is some difficulty in setting up the language in this section, but once it is in place, it provides an immediate proof of Brouwer’s theorem.

2.1.1 The Degree of a Self–map on S^{n−1} The proof given by Brouwer in 1912 was based on the notion of the degree of a continuous function f : S^{n−1} → S^{n−1}. The following version of the proof can be found in Dugundji [21]. When n = 2, the degree of f, deg(f), can be thought of as the net number of times f(x) travels around the unit circle as we let x make one counterclockwise trip around. Formally, choose set of points {x_0, x_1, . . . , x_p} taken in counterclockwise order around S^1 such that |x_{i+1} − x_i| < 1. Then each segment [x_i, x_{i+1}] is a 1–simplex in R^2. Think of this segment as an arc on the unit circle, rather than a straight line segment. That is, let [x_i, x_{i+1}] be the projection from the origin through the line segment onto to circle. Then the union ⋃ [x_i, x_{i+1}] = T is a triangulation of S^1.

The set {f(x_0), . . . , f(x_p)} will be another ordered set of points around S^1, but the points may not follow each other counterclockwise around S^1. The function f may reverse the orientation of some pairs of these points. We say that the image simplex [f(x_i), f(x_{i+1})] has positive orientation if as x travels from x_i to x_{i+1}, f(x) traverses the segment [f(x_i), f(x_{i+1})] in a counterclockwise manner. If f(x) travels in the opposite direction, we say this 1–simplex has negative orientation.

Next, fix x ∈ S^1 such that x is not on the boundary of any of the image segments [f(x_i), f(x_{i+1})]. Then the number of positively oriented image segments containing x, minus the number of negatively oriented segments, is called the degree of f at x with respect to the given triangulation T . With a little effort it can be seen that this degree is actually independent of x and T .

In general, an n–simplex S in R^n is the convex hull of a set of n + 1 points, called vertices. By fixing the order of the vertices, we consider S to be an ordered simplex. S is said to be nondegenerate provided the volume of this hull in R^n is nonzero. That is, S is nondegenerate provided its n + 1 vertices do not all lie on an (n − 1)–hyperplane. If we write S = conv{x_0, . . . , x_n}, and x_i = (x^1_i , . . . , x^n_i ) ∈ R^n, then this nondegeneracy condition is equivalent to

det(S) =

| | | | | | x^1_0 · · · x^n_0 1 x^1 · · · x^n_1 1 . . · · · . . . . x^1_n · · · x^n 1

| | | | | | ≠ 0.

Further, if det(S) > 0 we say the n–simplex S is positively oriented. If det(S) < 0, then S is negatively oriented. From the rules for matrix determinants, we see that even permutations of the order of the vertices of S will not change its orientation, odd ones will reverse the sign of det(S).

Lemma 2.1.1 Let S and S^′ be two oriented n–simplexes with

S = {x_0, x_1, . . . , x_n}, S^′ = {x^′_0, x_1, . . . , x_n}.

Then S and S^′ have the same orientation if and only if x_0 and x^′_0 lie on the same side of the (n − 1)–hyperplane H containing {x_1, . . . , x_n}.

Proof. Let S = {x_0, x_1, . . . , x_n}, and S^′ = {x^′_0, x_1, . . . , x_n}. If x_0 and x^′_0 lie on opposite sides of H then x̄ = tx_0 + (1 − t)x^′_0 ∈ H for some t ∈ (0, 1). Then the n–simplex S̄ with vertices {x̄, x_1, . . . , x_n} is degenerate, and

det(S̄) = t det(S) + (1 − t) det(S^′) = 0.

This is possible only when S and S^′ have opposite orientation. ■ As in the discussion for n = 1, we shall need to look at triangulations living on the unit sphere S^{n−1}. Any set of n points on S^{n−1} that do not lie on the same n − 2–hyperplane determine an (n − 1)–simplex S. We say a simplex S is proper if diam(S) < 1. In this case the projection from the origin through S, onto S^{n−1} determines a set S̃ that is proper in the same sense, i.e., diam(S̃) < 1. Such a projection will be called the spherical (n − 1)– simplex corresponding to S. The vertex set of S̃ is the same as that of S. The ordering and orientation of the projection is inherited from the original simplex. A spherical (n − 1)– simplex S̃ will be said to be degenerate in the case that the simplex determined by its vertices, along with the point 0, is a degenerate n–simplex. A triangulation of S^{n−1} is a finite collection T = ⋃~ S of nondegenerate ordered spherical (n − 1)–simplexes covering S^{n−1} and satisfying two properties. First, members of T intersect only in a common face, and second, for any S̃ ∈ T , each (n − 2)–face of S̃ is shared with exactly one other member of T . The vertices of T are the union of the vertices of the S̃ ∈ T . A function that maps vertices of T into S^{n−1} is called a proper vertex map provided that for each S̃ ∈ T , the simplex determined by the image of the vertices of S̃ is proper, and hence has an associated proper spherical simplex.

With the above definitions in place, let T be a triangulation of S^{n−1}. Using the orientability of S^{n−1}, assume all simplexes are oriented positively. Let f : T → S^{n−1} be a proper vertex map. Fix x ∈ S^{n−1} such that x is not on the boundary of f(S̃) for any S̃ ∈ T . Let p(f, T, x) be the number of positively oriented spherical simplexes f(S̃) containing x, and n(f, T, x) the number of negatively oriented spherical simplexes containing x. Then we define the degree of f with respect to T and x to be

deg(f, T, x) = p(f, T, x) − n(f, T, x).

Lemma 2.1.2 For a given triangulation T of S^{n−1}, with each S̃ ∈ T positively oriented, and a proper vertex map f, deg(f, T, x) is independent of the choice of x.

Proof. We prove the case where for each S̃ ∈ T , f(S̃) determines a nondegenerate spherical (n − 1)–simplex. Let f : T → S^{n−1} be a proper vertex map. Pick any two points y,z ∈ S^{n−1} that do not lie on the boundary of f(S̃) for any S̃ ∈ T . We will show that deg(f, T, y) = deg(f, T, z). To this end, let C be an arc in S^{n−1} joining y and z that doesn’t pass through any face of dimension less than (n − 2) of any spherical (n − 1)–simplex of f(S̃). We consider what happens to deg(f, T, x) as we let x move from y to z.

Clearly, for the degree to change, x has to travel across some (n−2)–face of some simplex in f(T ). Call one such simplex f(S̃_1), where S̃_1 = {x_0, x_1, . . . , x_{n−1}}, and the (n − 2)–face x crosses is A = {f(x_1), f(x_2), . . . , f(x_{n−1})}. Now, to S̃_1 there corresponds exactly one other simplex in T that shares the face {x_1, . . . , x_{n−1}}. Call this simplex S̃_2, and write S̃_2 = {x′_0, x_2, x_1, . . . , x_{n−1}}, where the ordering of the vertices is chosen to give S̃_2 positive orientation. Note that f(S̃_2) is a simplex in f(T ) that shares the (n − 2)–face that our point x crosses. We write f(S̃_1) = {f(x_0), f(x_1), f(x_2), . . . , f(x_{n−1})} f(S̃_2) = {f(x^′_0), f(x_2), f(x_1), . . . , f(x_{n−1})}.

There are two cases to consider. First, suppose f(x_0), and f(x^′_0) are on the same side of the hyperplane determined by the vertices of A. As x travels through the face A it either enters both f(S̃_1) and f(S̃_2), or it leaves both. Then by lemma 2.1.1, the simplexes f(S̃_1) and f(S̃_2) have opposite orientation. In either case, the net change in p(f, T, x) − n(f, T, x) is zero.

Next suppose f(x_0) and f(x^′_0) lie on opposite sides of A. As x passes through A it must leave one of f(S̃_1) or f(S̃_2), and enter the other. Again, by the lemma, f(S̃_1) and f(S̃_2) have the same orientation. Again, there is no net change in deg(f, T, x).

Figure 2.1: The two cases in the proof of lemma 2.1.2.

We address the case when some of the f(S̃), S̃ ∈ T , may be degenerate. To do this we will reduce it to the previous one by approximating f with another proper vertex map g. Suppose f maps S̃ to a degenerate simplex f(S̃). This means that some vertex in S̃ gets mapped to the (n − 3)–hyperplane containing the remaining (n − 2) vertices. Now, y and z lie in the interior of f(S̃) for each S̃. Thus we can slightly perturb f at the offending vertex so that its image is no longer in the (n − 1)–hyperplane, and we haven’t altered the orientation or number of simplexes f(S̃) containing y or z. That is, we can find an ϵ > 0 and a proper vertex map g : T → S^{n−1} that has no degenerate g(S̃), and |f(x) − g(x)| < ϵ for each vertex x ∈ T . We have that deg(f, T, y) = deg(g, T, y), and deg(f, T, z) = deg(g, T, z). So via g, and the previous nondegenerate case, we see deg(f, T, y) = deg(f, T, z). ■

Thus we may write deg(f, T ) without any ambiguity. From the above argument we obtain the following useful lemma.

Lemma 2.1.3 Let f, g : T → S^{n−1} be proper vertex maps, and x ∈ S^{n−1} not on the boundary of any of any f(S̃), S̃ ∈ T . There exists an ϵ > 0 such that if |f(y) − g(y)| < ϵ for all vertices in T , then deg(f, T, x) = deg(g, T, x).

Given a triangulation T we can refine T by adding a finite set of points to its vertex set. We then need only add faces to T to preserve the triangulation properties. Barycentric subdivision is one example of a refinement procedure. See Armstrong [1] or Dugundji [21] for references.

Until now, the function f has been defined only on the vertices of T . We can extend the above concepts to a continuous f : S^{n−1} → S^{n−1}, since any such function induces a vertex map on a T by restricting its domain to the set of vertices of T . For an arbitrary triangulation T , f may not be a proper vertex map. It follows from the continuity of f, and the compactness of S^{n−1}, that we can find a refinement T^′ of T such that diam(f(S̃)) < 1 for each S̃ ∈ T^′. Thus we can speak of the degree of a continuous function f with respect to a triangulation T .

Lemma 2.1.4 deg(f, T ) is independent of the choice of T .

Proof. Let T_1 and T_2 be two triangulations of S^{n−1}, both inducing proper vertex maps of f. Then let T_3 be a common refinement of both. We will show that if T^′ is a refinement of T , then deg(f, T ) = deg(f, T^′).

Suppose T^′ is a refinement of T formed by adding a single vertex to T . Note that if the image of just the new simplexes created by adding this new point covers all of S^{n−1}, then there must have been a simplex in the original triangulation that violated the property diam(f(S)) < 1. Thus we can pick x ∈ S^{n−1} that is not in the image of any of the newly created simplexes. Thus deg(f, T, x) = deg(f, T^′, x). By induction, we see that any refinement of T will not alter the degree. Thus via the common refinement, we see deg(f, T_1) = deg(f, T_2). ■

From this point we may write deg(f) to refer to the degree of f.

Theorem 2.1.5 If f, g : S^{n−1} → S^{n−1} are homotopic, then deg(f) = deg(g).

Proof. Let f, g : S^{n−1} → S^{n−1}, and F : S^{n−1} × I → S^{n−1} be a homotopy of f and g. So F is continuous, and F (x, 0) = f(x), F (x, 1) = g(x). First note that by compactness of S^{n−1} × I, F is uniformly continuous. Thus ∃δ > 0 such that for any t ∈ I, and x, y ∈ S^{n−1} satisfying |x − y| < δ, we have |F (x, t) − F (y, t)| < 1. Choose a triangulation T of S^{n−1} such that diam(S̃) < δ for all S̃ ∈ T . Then for each t, the function F (·, t) induces a proper vertex map of T .

Now, by the previous lemma, there is an ϵ > 0 such that if |F (x, t) − h(x)| < ϵ for every vertex x ∈ T , then deg(F (·, t)) = deg(h). Fix such an ϵ. Again, by uniform continuity of F , choose δ > 0 such that for any x ∈ S^{n−1}, |F (x, t) − F (x, t^′)| < ϵ whenever |t − t^′| < δ. Thus we have shown that the function mapping t to deg(F (·, t)) is a continuous integer valued function, and hence, must be a constant function. Then deg(f) = deg(g). ■

Example 1 The degree of id : S^n → S^n is 1.

Proof. Follows from the definition. ■ With the above machinery in place, we can prove that the unit sphere is not a retract of the unit ball. This result is a well known equivalence of Brouwer’s theorem.

Lemma 2.1.6 Suppose f : S^{n−1} → S^{n−1} has a continuous extension to B^n. Then f is homotopic to a constant function.

Proof. Let f̄ : B^n → S^{n−1} be a continuous extension of f. Define F : S^{n−1} × I → S^{n−1} by F (x, t) = f̄((1 − t)x). Then F is a homotopy of f to the constant map that sends x to f̄(0). ■

Theorem 2.1.7 S^{n−1} is not a retract of B^n.

Proof. Suppose r : B^n → S^{n−1} is a retraction. Then r|_Sn−1 = id : S^{n−1} → S^{n−1} would have a continuous extension to B^n. Thus, by the previous lemma, id : S^{n−1} → S^{n−1} is homotopic to a constant function. On the other hand, the degree of the constant map is 0, while the degree of id : S^{n−1} → S^{n−1} is 1. By theorem 2.1.5, these functions cannot be homotopic. ■

From here, we easily deduce Brouwer’s theorem. Assume the continuous map f : B^n → B^n is fixed point free. Then define g to be the function that maps a point x to the projection from 0 through x onto S^{n−1}. Then g is a continuous retract of the unit ball onto the unit sphere, violating the above theorem.

2.1.2 The KKM Theorem The following section looks at a proof of Brouwer’s theorem that follows from an elegant combinatorial result on simplicial subdivisions proven in 1928 by Sperner. A year after this lemma was published, Knaster, Kuratowski and Mazurkiewicz used it to prove the so called KKM theorem, from which they deduced the Brouwer fixed point theorem. The ease at which they obtained Brouwer’s theorem caused speculation as to the possible equivalence of these three theorems. The question remained open for almost 50 years, until in 1974 Yoseloff [56] showed that Brouwer implies Sperner’s lemma. Below we show how to obtain the KKM theorem from Sperner’s lemma, and then apply it to obtain Brouwer’s theorem.

Theorem 2.1.8 (Sperner’s Lemma) Any properly labeled simplicial subdivision of a k– simplex has an odd number of distinguished k–subsimplexes.

We leave out the proof of this lemma, but note that it is not difficult. See for example [27], where a proof using only a counting argument and mathematical induction is given. As such, the proof of Brouwer’s theorem given in this section may be the most elementary.

Theorem 2.1.9 (KKM) Let S = conv{v_0, v_1, · · · , v_k} be a k–simplex. Suppose A_0, A_1, · · · , A_k are closed subsets of S such that

conv{v_{io} , v_{i1} , · · · , v_{im} } ⊆ m⋃ j=0 A_{ij}

holds for any subset {v_{ij} } of {v_i}^k_{i=0}. Then

⋂_k

i=0 A_i ≠ ∅.

Proof. Let S = conv{v_0, v_1, · · · , v_k} be a k–simplex. For each n ∈ N, there is a simplicial subdivision S^n of S such that the diameter of each k–subsimplex of S^n is less than^1_n . Dress S with a proper labeling of its vertices, so v_i is labeled with i. We extend this to a proper labeling of S^n as follows. For each vertex q of S^n, there is a smallest face conv{v_{io} , v_{i1} , · · · , v_{im} } of S containing q. Then by our assumption, q ∈ A_{ij} for some j, 0 ≤ j ≤ m. Assign to q the label i_j. Thus we obtain the desired labeling on S^n.

Now, by Sperner’s lemma, S^n has a distinguished k–subsimplex, say conv{q^n_o , q^n_1 , · · · , q^n_k }. Upon relabeling if necessary, we can assume that the vertex q^n_i carries the label i, and thus is a member of A_i by our construction. Now compactness of S guarantees a convergent subsequence of {q^n_i }^∞_{n=1} for each i. Since the diameter of the k–subsimplexes goes to zero, these sequences must converge to a common point. Since each A_i is closed in S, this limit must be in

⋂_k i=0 A_i. ■

From the above lemma, we can easily deduce Brouwer’s theorem. Let S be a k–simplex with vertices {v_0, v_1, · · · , v_k}, and f be a continuous self–map on S. For x ∈ S we have x = ∑_k

i=0 x_iv_i, with

∑_k i=0 x_i = 1, and x_i ≥ 0. Define

A_i = {x ∈ S : f_i(x) ≤ x_i}.

From the continuity of the components of f, we see that each A_i is indeed a closed subset of S. By applying the KKM theorem to these A_i we get some point y ∈ S such that f_i(y) ≤ y_i for each i. But since ∑ y_i = 1 = ∑ (f(y))_i, we must have y_i = (f(y))_i for each i. That is, f(y) = y.

Of course, this theorem extends to any closed convex subset in R^n since any such a set is a retract of an n–simplex.

2.1.3 Via Homology Groups To give a good sampling of the methods with which Brouwer’s theorem may be proven, it is necessary to discuss homology groups. Of all the methods discussed, it is from the language of the material in this section that Brouwer’s theorem flows most naturally. The difficulty is that this language takes quite a bit of work to establish. For this reason, we will show how homology groups are defined on simplicial complexes, and compute some of these groups for triangulations of the ball and sphere. We will discuss, though not prove, how these ideas are extended to arbitrary topological spaces, and use the homology groups of B^n and S^{n−1} to prove Brouwer’s theorem. For references, see [1].

The first thing we must do is define H_q(K), the qth–homology group of K, where K is a simplicial complex. To do so, we consider the set of all q–simplexes in K. Each q– simplex can be oriented in one of two ways. To each q–simplex z in K we assign one of those orientations to be positive, and call −z the q–simplex z oriented in the opposite way.

The qth–chain group of K, denoted C_q(K), is the free abelian group generated by these oriented q–simplexes. The elements of C_q(K) are called q–chains. The boundary function ∂ : C_q(K) → C_{q−1}(K) maps a q–chain to its (q − 1)–dimensional boundary, a (q − 1)–chain in C_{q−1}(K). It is defined for each q–simplex z = (v_0, . . . , v_q) by

∂(v_0, . . . , v_q) = q∑ i=0 (−1)^i(v_0, . . . v̂_i, . . . , v_q),

where (v_0, . . . , v̂_i, . . . , v_q) is the simplex formed by deleting v_i from the vertex set of z. Then ∂ is extended linearly for longer q–chains.

Let Z_q(K) be the kernel of ∂ : C_q(K) → C_{q−1}(K). Thus Z_q(K) consists of those q– chains that have zero boundary. We call these chains q–cycles. Next, we define B_q(K) to be the image of the map ∂ : C_{q+1}(K) → C_q(K). Elements of B_q(K) are called bounding q–cycles, as they bound the (q + 1)–simplex that was their preimage under ∂.

Proposition 3 B_q(K) ⊆ Z_q(K).

Proof. We need only show ∂(∂(z)) = 0 for each (q + 1)–simplex z ∈ C_{q+1}(K). Indeed, for such a z = (v_0, . . . , v_{q+1}) we have

∂(∂(z)) = ∂

(_{q+1} ∑ i=0 (−1)^i(v_0, . . . , v̂_i, . . . v_{q+1}) )

= q+1∑ i=0 (−1)^i∂(v_0, . . . , v̂_i, . . . v_{q+1})

= q+1∑ i=0 (−1)^i i−1∑ j=0 (−1)^j (v_0, . . . , v̂_j , . . . , v̂_i, . . . , v_{q+1})

+ q+1∑ i=0 (−1)^i q+1∑

j=i+1

(−1)^{j+1}(v_0, . . . , v̂_i, . . . , v̂_j , . . . , v_{q+1}) = 0

■

We can now define the qth–homology group of a simplicial complex K.

H_q(K) =

Z_q(K) B_q(K)

For q = 0, Z_0(K) = C_0(K), which is generated by the vertex set of K. If K is connected we can connect any two vectors v, w by an edge path, whose boundary is v − w. Then every vertex represents the same elements in H_0(K). That is, H_0(K) ∼= Z.

For q > 0, we intuitively think of H_q(K) as measuring in a sense, the q–dimensional holes in K. For example, if K is the simplicial complex formed by taking an n–simplex with all of its faces, then we would expect every q–cycle to be a bounding cycle, and thus H_q(K) = 0, the trivial group, for 0 < q ≤ n. This is, in fact, the case.

Proposition 4 Let K be the simplicial complex formed by an n–simplex with all of its faces. Then H_q(K) = 0 for 0 < q ≤ n.

Proof. Label one of the vertices of K as v. Call the simplicial complex determined by removing v and its associated faces, L. Define d_q : C_q(K) → C_{q+1}(K) by

d_q(v_0, . . . , v_q) =

(v, v_0, . . . , v_q) if v ≠ v_i, 0 ≤ i ≤ q, 0 otherwise,

(2.1)

for q–simplexes , and extend linearly to all of C_q(K). Given a q–simplex z = (v_0, . . . , v_q), if v is not a vertex of z, then

∂(d_q(z)) = ∂(v, v_0, . . . , v_q)

= (v_0, . . . , v_q) = q∑ i=0 (−1)^{i+1}(v, v_0, . . . , v̂_i, . . . , v_q)

= z − d_{q−1}(∂(z)).

If v is a vertex of z, then without loss of generality, write z = (v, v_0, . . . , v_{q−1}). Then ∂(d_q(z)) = 0, and

d_{q−1}(∂(z)) = d_{q−1}

(_q ∑ i=0 (−1)^i(v, v_0, . . . , v̂_i, . . . , v_{q−1}) )

= q∑ i=0 (−1)^id_{q−1}(v, v_0, . . . , v̂_i, . . . , v_{q−1}).

Each term in the sum having v as a vertex will get mapped to zero. Thus the only remaining term is d_{q−1}(v_0, . . . v_{q−1}) = z. Thus we have proven in any case that ∂(d_q(z)) = z − d_{q−1}(∂(z)).

Now, given a q–cycle z in Z_q(K), d_q(z) is a (q+1)–chain, and ∂(d_q(z)) = z−d_{q−1}(∂(z)) = z. Thus every q–cycle is a bounding cycle. That is, Z_q(K) = B_q(K), and so H_q(K) = 0, the trivial group. ■

Next, let K be as above; an n–simplex with all of its faces. Let K^{n−1} be the boundary of K, with all of its faces, again thought of as a simplicial complex. Thus K^{n−1} is composed of all the q–simplexes of K with dimension less than n. We will compute the qth–homology groups of K^{n−1}.

Proposition 5 For 0 ≤ q ≤ n − 1, H_q(K^{n−1}) = 0.

Proof. It follows from the above example, since for 0 ≤ q ≤ n − 1, K and K^{n−1} have the same q–simplexes. ■

Proposition 6 H_{n−1}(K^{n−1}) = Z.

Proof. K^{n−1} has no n–simplexes. Thus none of its (n − 1)–cycles can be bounding cycles. Then B_{n−1}(K^{n−1}) = 0, and H_{n−1}(K^{n−1}) = Z_{n−1}(K^{n−1}). Further, since K and K^{n−1} have the same (n − 1)–cycles, Z_{n−1}(K^{n−1}) = Z_{n−1}(K). Now, from Proposition 4, H_{n−1}(K) = 0, and Z_{n−1}(K) = B_{n−1}(K). But since there is only one n–simplex in K, C_n(K) is generated by a single element. Thus B_{n−1}(K) has a single generator. It follows that H_{n−1}(K^{n−1}) is infinite cyclic. ■

From here, our proof of Brouwer’s theorem follows by arguing that K and K^{n−1} are triangulations of B^n and S^{n−1} respectively, and that homology groups are a homotopy invariant. Thus we can define H_q(B^n) = H_q(K), and H_q(S^{n−1}) = H_q(K^{n−1}). We also need the following theorems.

Theorem 2.1.10 A continuous function f : |K| → |L| induces a homomorphism f_q⋆ : H_q(K) → H_q(L) for each q.

Theorem 2.1.11 If f : |K| → |K| is the identity, then f_q⋆ : H_q(K) → H_q(K) is the identity homomorphism. Also, if f : |K| → |L|, g : |L| → |M| are continuous, then (g ∘ f)_q⋆ = g_q⋆ ∘ f_q⋆ .

We give a brief discussion of the proof of Theorem 2.1.10. The details and the proof of Theorem 2.1.11 can be found in [1]. Theorem 2.1.10 is proven first for a class of mappings, called simplicial maps, that take simplexes of K linearly into simplexes of L. Given s : |K| → |L|, we define s_q : C_q(K) → C_q(L) naturally by s_q(v_0, . . . , v_q) = (s(v_0), . . . , s(v_q)), when each s(v_i) is distinct, and zero otherwise. It is then shown that s_q sends q–cycles and bounding q–cycles in C_q(K) into respectively q–cycles and bounding q–cycles in C_q(L). Thus, s_q induces a homomorphism s_q⋆ : H_q(K) → H_q(L). To extend this idea to any continuous function f : |K| → |L| it is shown that we can subdivide K and L into finer simplicial complexes for which we can find a simplicial map s that is as close as we want to f. With the above machinery, we can prove Brouwer’s theorem. Suppose f : B^n → B^n is continuous, and fixed point free. Then, as is familiar by now, define g : B^n → S^{n−1} by mapping x to the intersection of the ray extending from f(x) through x, with S^{n−1}. Then g is a continuous function. Let ι : S^{n−1} → B^n be the inclusion mapping, ι(x) = x. Then by Theorem 2.1.10, both g and ι induce homomorphisms, g_⋆ and ι_⋆, of the (n − 1)th homology groups.

H_{n−1}(S^{n−1})^{ι⋆}−→ H_{n−1}(B^n)^{g⋆}−→ H_{n−1}(S^{n−1})

Now, since g ∘ ι : S^{n−1} → S^{n−1} is the identity, by Theorem 2.1.11, G_⋆ ∘ ι_⋆ is the identity homomorphism. Then g_⋆ must be onto. But from Proposition 4, H_{n−1}(B^n) = 0, while Proposition 6 tells us H_{n−1}(S^{n−1}) = Z. Thus we have a contradiction, so f must have had a fixed point.

2.2 Analytic Methods of Proof

From section 2.1.1, we could have proceeded to define the characteristic function of a nonvanishing vector field f : S^{n−1} → S^{n−1}. Then using facts about the degree of this function, we would have obtained another classical result in topology, known as the Hairy ball theorem. Until the 1970’s, both this result and Brouwer’s theorem were proven using combinatorial arguments, homology theory, differential forms, or geometric topology. In 1978, John Milnor published self described “strange” proofs of these results that are nicely analytic in nature. This description prompted subsequent authors to attempt “less strange” versions of his proof, as can be seen in Rogers [48] and Gröger [32].

Milnor’s proof of the standard change of variables formula, the Weierstrauss approximation theorem, and the observation that (1 + t^2)^n2 is not a polynomial in t for odd n, to obtain a contradiction in a volume computation, and then prove the hairy ball theorem. Recently, Lax used a more sophisticated approximation technique, along with some standard results in single variable calculus, to prove an alternate change of variables formula in multiple integrals [40]. This new change of variables formula can be used to obtain the traditional one [41], and also has the advantage of yielding Brouwer’s theorem as an almost immediate corollary. We end this section with a proof credited to Garcia that again uses the Weierstrauss approximation theorem, but invokes Green’s theorem as its main machinery.

There are many other proofs of Brouwer that are analytic in nature. See, for example, Samelson [49], Kannai [37], Baez-Duarte [5], and Su [53].

2.2.1 The Hairy Ball Theorem Milnor’s proof is interesting not only because of its analytic nature, but because it follows from a calculation of volume in R^n, and the fact that (1 + t^2)^n2 is not a polynomial for odd n. This version of the original proof can be found in [29].

Lemma 2.2.1 Let f : A → R^n be continuously differentiable over a neighbourhood of the compact set A. Then there exists a Lipschitz constant L such that for all x,y, ∈ A,

‖f(x) − f(y)‖ ≤ L‖x − y‖.

Proof. Cover A with a finite number of balls U_1, U_2, . . ., U_p, such that f is continuously differentiable on U_k, 1 ≤ k ≤ p. First we obtain a Lipschitz constant for f on U_k. By continuity of the partials on U_k, we can choose a constant c^k_{ij} = max_{i,j,k} { ∂f_i ∂x_j

(x) : x ∈ U_k } . Using the triangle inequality, and the Mean Value property we obtain for x, y ∈ U_k,

‖f(x) − f(y)‖ ≤ n∑ i=1 |f_i(x) − f_i(y)| ≤ n∑ i=1 n∑ j=1 c^k_{ij} ‖x − y‖ = L_k‖x − y‖,

where L_k =

∑_n

i,j=1 c k ij .

Next we consider the set of x,y ∈ A such that x and y are not both in one of the U_k. This set can be expressed as W = (A × A) \

⋃_p k=1 U_k × U_k. Consider the function g : W → R^n defined by g(x, y) = ‖x − y‖. This function is continuous over the compact set W , and thus achieves its minimum. Since x ≠ y, we have min_{y∈W} ‖x − y‖ = ϵ > 0. So we obtain the following bound:

‖f(x) − f(y)‖ ≤ ϵ^{−1}diamf(A)‖x − y‖.

Choose L = max {L_1, L_2, . . . , L_p, ϵ^{−1}diamf(A)}, and we have obtained the desired Lipschitz constant. ■

Lemma 2.2.2 Suppose A ⊆ R^n is compact, and v : A → R^n is continuously differentiable in a neighbourhood of A. Then there exists an interval (−ϵ, ϵ) on which the function t → |f_t(A)| is a polynomial.

Proof. We will apply the Change of Variables formula to obtain the desired expression for the volume of f_t(A). Thus we need to show that f_t is one–to–one and continuously differentiable, and that D_xf_x (the derivative of f_t at x) is invertible for x ∈ A. To this end, by the previous lemma, let L be the Lipschitz constant for v, and suppose |t| < L^{−1}. Then f_t(x) − f_t(y) implies that ‖v(x) − v(y)‖ = t^{−1}‖x − y‖ ≤ L‖x − y‖. From out choice of t, this is possible only if x = y. Thus f_t is one–to–one. Continuous differentiability of f_t follows from that of its component parts.

Next, D_xf_t = I + t [ ∂v_i ∂x_j (x) ] has a strictly positive determinant for t sufficiently small, say less than K. Set ϵ = min {K, L^{−1}}. The for |t| < ϵ, and x ∈ A, we have D_xf_t is invertible. Thus we may express the volume of f_t(A) by

volf_t(A) = ∫ A | det (D_xf_t)|dx.

We may write det (D_xf_t) = 1 + ta_1(x) + t^2a_2(x) + · · · + t^na_n(x), where each a_i is a continuous function. Upon integrating this expression over A, we obtain

volf_t(A) = volA + tα_1 + t^2α_2 + · · · + t^nα_n,

where α_i = ∫ A a_i(x)dx. ■

Lemma 2.2.3 Suppose v : S^{n−1} → R^n is a normed vector field tangent to S^{n−1}, continuously differentiable on a neighbourhood of S^{n−1}. Then for t > 0 small enough, the function f_t : S^{n−1} → (1 + t^2)^{12} S^{n−1} is onto.

Proof. First we show the function is well defined. Indeed, for x ∈ S^{n−1}, the norm of f_t(x) can be computed by considering ‖f_t(x)‖^2 = ‖x + tv(x)‖^2 = ⟨x + tv(x), x + tv(x)⟩. From this we obtain ‖f_t(x)‖ = √ 1 + t^2.

To show f_t is onto, first define A to be the set A = {x ∈ R^n : 1 2 ≤ ‖x‖ 3 2 }, and extend f_t

to all of A by setting v(x) = ‖x‖v ( x ‖x‖ ) for x no on the unit sphere. Note that v is still continuously differentiable, and so by Lemma 2.2.1 has a Lipschitz constant L on A.

Fix w ∈ √ 1 + t^2S^{n−1}, and let z ∈ S^{n−1} be such that w = √ 1 + t^2z. Then for t < min {^1_3 , L^{−1}}, the function g : x → z − tv(x) maps A into A, and is a contraction mapping. Thus by the Banach Contraction Principle, g has a fixed point, say x, in A. So x = z − tv(x). Since z ∈ S^{n−1}, we have ‖x + tv(x)‖^2 = 1. Expanding the inner product ⟨x + tv(x), x + tv(x)⟩ gives ‖x‖ = (1 + t^2)^12 . Then y = (1 + t^2)^12 x ∈ S^{n−1}, and y + tv(y) = w. Thus f_t is onto. ■

Theorem 2.2.4 (Hairy Ball Theorem - Weak Version) The sphere S^{2k} does not possess a continuously differentiable field of unit tangent vectors.

Proof. Suppose the contrary, and let v : S^{2k} → R^n be such a vector field. Select 0 < a < 1 < b, and extend v to the set A = {x ∈ R^n : a ≤ ‖x‖ ≤ b} by defining v(x) = ‖x‖v ( x ‖x‖ ) , as in Lemma 2.2.3. Note that for x ∈ S^{n−1}, and r > 0, F_t(rx) = rx + tv(rx) = rf_t(x). Thus by Lemma 2.2.3, f_t maps the sphere S_r of radius r onto (1 + t^2)^12 S_r. Thus f_t(A) = (1 + t^2)^12 A for small enough t, and so

|f_t(A)| = (1 + t^2)^{2k+1}2|A|.

This contradicts Lemma 2.2.2 since the right hand side, √ 1 + t^2(1 + t^2)^k|A|, cannot be a polynomial. ■

Theorem 2.2.5 (Hairy Ball Theorem - Strong Version) There does not exist a continuous nonzero vector field v tangent to S^{2k}.

Proof. Suppose v : S^{2k} → R^n is such a vector field. Let m = min {‖v(x)‖ : x ∈ S^{2k}} > 0. By the Weierstrass approximation theorem, each component v_i of v can be approximated by a polynomial p_i : S^{2k} → R such that ‖p(x) − v(x)‖ <^m_2 for all x ∈ S^{2k}. Then p is C^1 and nonzero, since ‖p(x)‖ ≥ ‖v(x)‖ − ‖p(x) − v(x)‖ ≥ m − m 2 = m 2 . Using p, we obtain a C^1 nonzero vector field q that is tangent to S^{2k}. Define q(x) = p(x) − ⟨p(x), x⟩x. Then q inherits its continuous differentiability from p, and

‖q(x)‖ ≥ ‖p(x)‖ − ‖q(x) − p(x)‖ > m 2 − |⟨p(x), x⟩| = m 2 − |⟨p(x) − v(x), x⟩| ≥ m 2 − ‖p(x) − v(x)‖ > 0.

The proof is complete upon observing that q(·) ‖q(·)‖ contradicts Theorem 2.2.4. ■

To proceed to the proof of Brouwer’s Theorem we need one more piece of machinery. The unit ball in R^n can be projected onto the lower hemisphere of the unit sphere in R^{n+1} with a stereographic projection. Write R^{n+1} = {(x, x_{n+1}) : x ∈ R^n, x_{n+1} ∈ R}. Then for x ∈ R^n this projection is defined by

S_+(x) = ( 2x ‖x‖^2 + 1 , ‖x‖^2 − 1 ‖x‖^2 + 1 ) . Hence S_+(x) is the intersection with S^n of the ray starting at (0, 1) ∈ S^n and passing through x ∈ B^n. Clearly, this mapping is C^1. The image of B^n under S_+ is the lower hemisphere of S^n, which we denote by S^n_−.

Similarly, we can define the projection S_− from (0, −1) of B^n onto S^n_+, the upper hemisphere of S^n. S_−(x) = ( 2x ‖x‖^2 + 1 , 1 − ‖x‖^2 1 + ‖x‖^2 ) . Now we are ready to prove Brouwer’s theorem.

Let f : B^{2k} → B^{2k} be a continuous function, and suppose f leaves no point fixed. We will use f to define a nonzero C^1 vector field on B^{2k} that points directly outward at points on S^{2k−1}.

Suppose F is such a vector field. For each x ∈ B^n, {x + tF (x) : 0 ≤ t ≤ 1} will be a segment in R^n. The image of this set under S_+ will be an arc on S^n with initial point S_+(x) lying in S^n_−. On S^{2k}_− we can define a continuous nonzero field of tangent vectors by setting

T_−(y) = d dt S_+(x + tF (x))|_{t=0},

for each y ∈ S^{2k}, where y = S_+(x). T_−(y) is the tangent of the arc S_+(x+tF (x) : 0 ≤ t ≤ 1). Note that since F points outward on S^{2k−1}, the projections of the segment {x + tF (x) : 0 ≤ t ≤ 1} will be “vertical”, and so the tangent of the projected arc will be (0, 1).

Similarly, we can define T_+(y) =^d_{dt} S_−(x + tF (x))|_{t=0} for y ∈ S^{2k}_+ . Again, for y on the equator, T_+(y) = (0, 1).

Now we define T : S^{2k} → R^{n+1} by

T (y) = { T_−(y) for y ∈ S^{2k}_− , T_+(y) for y ∈ S^{2k}_+ .

Then T is a continuous nonvanishing vector field tangent to S^{2k}. This contradicts the Hairy ball theorem.

The required field F : B^{2k} → R^n can be defined by

F (x) = x − ( 1 − ⟨x, x⟩ 1 − ⟨x, f(x)⟩ ) f(x).

Clearly F is C^1, and points outward for x ∈ S^{2k−1}. To see that F is nonzero, suppose the contrary. Then for some x, f_x is a scalar multiple of x, and thus ⟨x, f(x)⟩x = ⟨x, x⟩f(x). It follows from the definition of F that x = f(x), contradicting the hypothesis that f has no fixed points.

To complete the proof, suppose f : B^{2k−1} → B^{2k−1} is continuous and fixed point free. Then so is the function g : B^{2k} → B^{2k} defined by (x, x_{2k}) → (f(x), 0), contradicting the above.

2.2.2 An Alternate Change of Variables Formula The standard change of variables formula in multiple integrals states that ∫ S_1

f(x)dx = ∫ S (f ∘ g)(x)| det ∇g(x)|dx,

where S_1, S ⊆ R^n are open , f : S_1 → R is continuous, and g : S → S_1 is a one–to–one map such that both g and g^{−1} are continuously differentiable. In this section we present a recent proof by Peter Lax [40] of a modified version of this theorem that yields Brouwer’s theorem as a nice corollary.

In what follows, except when explicitly stated, the function g : R^n → R^n is twice differentiable and equal to the identity function outside some sphere, say S^{n−1}_r , the sphere centred at the origin, with radius r. The function f : R^n → R is differentiable, with compact support. The fixed constant c > r is chosen such that f is zero outside the c–cube {x ∈ R^n : −c ≤ x_i ≤ c}. Also the function h : R^n → R is defined by

h(x_1, x_2, . . . , x_n) =

∫_{x1} −∞ f(z, x_2, . . . , x_n)dz.

We note that^{∂h}_{∂x1} = f by the fundamental theorem of calculus, and differentiability of h follows from that of f.

Lemma 2.2.6 (f ∘ g) det ∇g = det (∇(h ∘ g), ∇g_2, . . . ∇g_n). (2.2)

Proof. By the chain rule,

∇(h ∘ g) = ∇h ∘ ∇g = n∑ i=1 ∂h ∂x_i

(g)∇g_i.

Thus the first column of the right hand side of (2.2) can be written as a linear combination of the remaining n − 1 columns. For 2 ≤ i ≤ n, subtract ∂h ∂x_i

(g)∇g_i from the

first column of the determinant, and then factor out the scalar ∂h ∂x_1

(g). We are left with ∂h ∂x_1

(g) det (∇g_1, ∇g_2, . . . ∇g_n). From the definition of h, we see this is exactly (f ∘g) det ∇g. ■

We state the following classical identity without proof.

Lemma 2.2.7 Let {M_i}^n_{i=1} be the set of cofactors obtained by expanding the Jacobian determinant det ∇g along its first column. Then n∑ i=1 ∂ ∂x_i

M_i ≡ 0.

The following is a preliminary version of Lax’s change of variables formula.

Theorem 2.2.8 Let f and g be stated as above. Then ∫ f(x)dx = ∫ (f ∘ g)(x) det ∇g(x)dx.

Proof. Since f ≡ 0 outside the c–cube {x ∈ R^n : −c ≤ x_i ≤ c} it is sufficient to restrict our integration to this set. We will use Lemma 2.2.6, and show ∫ f(x)dx is equal to the integral of det (∇h ∘ g, ∇g_2, . . . , ∇g_n). To this end, expand the determinant along its first column. The integrand becomes ∫ ∂ ∂x_1

(h ∘ g)M_1 + · · · + ∂ ∂x_n

(h ∘ g)M_n.

Since g is twice differentiable, each of its partials are continuous. Thus the cofactors M_i are continuous, and hence each term has finite integral over the c–cube. Thus we may do the integration term by term. We will use the notation

dx/dx_i := dx_1 · · · dx_{i−1}dx_{i+1} · · · dx_n, c_i := (x_1, . . . , x_{i−1}, c, x_{i+1}, . . . , x_n).

Then using Fubini’s theorem, we have ∫ M_i(x) ∂ ∂x_i

(h ∘ g)(x)dx =

∫ (∫_{xi=c}

x_i=−c

M_i(x) ∂ ∂x_i

(h ∘ g)(x)dx_i ) dx/dx_i.

The integration by parts formula can be applied to the inner one–dimensional integral to obtain ∫ (h ∘ g)(x)M_i(x)|^{xi=c}_{xi=−c}dx/dx_i − ∫ (h ∘ g)(x) ∂ ∂x_i

M_i(x)dx. (2.3)

Recall that g is the identity outside the c–cube. Thus h ∘ g(c_i) = h(c_i), which is zero for i ≥ 2. Similarly, (h ∘ g)(−c_i) = 0, for all i. Thus the first term in (2.3) is zero unless i = 1, and in that case the integral is ∫ (h ∘ g)(c_1)dx/dx_1, since M_1(c_1) = 1.

Now summing (2.3) over 1 ≤ i ≤ n, we obtain ∫ (h ∘ g)(c_1)dx/dx_1 − ∫ (h ∘ g)(x) n∑ i=1 ∂ ∂x_i

M_i(x)dx.

Lemma 2.2.7 says the second term is zero. In the first term, (h ∘ g)(c_1) = h(c_1) = ∫_c −∞ f(z, x_2, . . . , x_n)dz.

Thus what remains is exactly ∫ f(x)dx, and we are done. ■

We now extend the theorem to functions f that are continuous with compact support, and g that are differentiable, and equal to the identity outside S^{n−1}_r . In the following lemmata, ϕ_ϵ : R^n → R is a smooth nonnegative spherically symmetric function whose support lies in B_ϵ, and with ∫ R ϕ_ϵdy = 1. Also, the convolution of ϕ_ϵ with a function f is defined by (ϕ_ϵ ∗ f)(x) = ∫ B_ϵ

ϕ_ϵ(y)f(x − y)dy.

Lemma 2.2.9 Let f : R^n → R be continuous with compact support. Define f^ϵ = ϕ_ϵ ∗ f. Then f^ϵ is differentiable, with compact support, and f^ϵ → f uniformly.

Proof. We omit the proof that f^ϵ is differentiable. For references, see [22]. The function f^ϵ has compact support. Let the support of f be contained in B_r. Then for y ∈ B_ϵ, f(x−y) will be zero for x outside B_{r+ϵ}. To see that f^ϵ → f uniformly, let ϵ^′ > 0 be given. By uniform continuity of f on B_{r+ϵ}′ , fix δ > 0 so that |y| < δ implies |f(x − y) − f(x)| < ϵ^′. Choose ϵ < min {δ, ϵ^′}. Then for any x ∈ R^n, we have

|f^ϵ(x) − f(x)| = | | ∫ B_ϵ

ϕ_ϵ(y)f(x − y)dy − f(x) | | = | | ∫ B_ϵ

ϕ_ϵ(y)(f(x − y) − f(x))dy | | ≤ ∫ B_ϵ

ϕ_ϵ(y)|f(x − y) − f(x)|dy

< ϵ^′ ∫ B_ϵ

ϕ_ϵ(y)dy = ϵ^′.

■

Lemma 2.2.10 Let g_i : R^n → R be differentiable with 1 ≤ i ≤ n. Suppose g_i(x) = x_i for x outside S^{n−1}_r . Then g^ϵ_i = ϕ_ϵ ∗ g_i is twice differentiable, and g^ϵ_i (x) = x_i for x outside S^{n−1}_{r+ϵ} . Further, g^ϵ_i → g_i uniformly.

Proof. Again we refer to [22] for the proof of twice differentiability. Let ϵ^′ > 0 be given. By uniform continuity of g^ϵ_i on B_{r+2ϵ}′ , fix δ > 0 so that |x − y| < δ gives |g_i(x) − g_i(y)| < ϵ^′. Choose ϵ < min {δ, ϵ^′}. Then for x ∈ R^n, we have the following.

|g^ϵ_i (x) − g_i(x)| = | | | ∫ B_ϵ

ϕ_ϵ(y)g_i(x − y)dy − g_i(x) | | | = | | ∫ B_ϵ

ϕ_ϵ(y)(g_i(x − y) − g_i(x))dy | | If |x| > r + ϵ, then |x − y| > r, and we have g_i(x − y) − g_i(x) = −y_i. Thus the above becomes |g^ϵ_i (x) − g_i(x)| = | | | ∫ B_ϵ

ϕ_ϵ(y)y_idy | | | = 0, because ϕ_ϵ is spherically symmetric.

If |x| < r + ϵ, then |x − y| ≤ r + 2ϵ. Since ϵ was chosen smaller than δ, we may continue from above with

|g^ϵ_i (x) − g_i(x)| ≤ ∫ B_ϵ

ϕ_ϵ(y)|g_i(x − y) − g_i(x)|dy

≤ ϵ^′ ∫ B_ϵ

ϕ_ϵ(y)dy = ϵ^′.

Thus g^ϵ_i → g_i uniformly. From the proof we also see that g^ϵ_i (x) = x_i for |X| ≥ r + ϵ. ■

Now suppose that f : R^n → R is continuous, with compact support, and g : R^n → R^n is differentiable and equal to the identity outside S^{n−1}_r . Applying Lemma 2.2.10 to each component of g gives us a twice differentiable function g^ϵ = (g^ϵ_1, g^ϵ_2, . . . g^ϵ_n) that is equal to the identity outside the sphere of radius r + ϵ.

Applying Theorem 2.2.8 to f^ϵ and g^ϵ, we get ∫ (f^ϵ ∘ g^ϵ)(x) det ∇g^ϵ(x)dx = ∫ f^ϵ(x)dx.

Since f^ϵ → f and g^ϵ → g uniformly, we may let ϵ → 0 to obtain the desired result. We have the following theorem.

Theorem 2.2.11 (Change of Variables) Let f : R^n → R be continuous with compact support, and g : R^n → R^n be a continuous map that is the identity outside S^{n−1}_r , for some r > 0. Then ∫ f(x)dx = ∫ (f ∘ g)(x) det ∇g(x)dx.

We remark that this change of variables formula was proven without requiring the absolute value of the Jacobian determinant of g in the integrand. This is consistent with the standard version of the formula. It can be shown that if g is differentiable and the identity outside the unit sphere, then det ∇g > 0.

From the following corollaries we deduce Brouwer’s theorem.

Corollary 1 Let g : B^n → R^n be differentiable and equal to the identity function outside S^{n−1}. Then g is onto.

Proof. First note that since B^n is compact, and g is continuous, then the image g(B^n) is closed. Suppose g is not onto, and pick y not in g(B^n). Since g is the identity outside S^{n−1}, we know y ∈ B^n_r . By closedness of g(B^n), there must be a neighbourhood of y also not in g(B^n). Let B_0 be a ball contained in this neighbourhood, centred at y. Choose c > 0 less than the radius of B_0. Let f : R^n → R be defined by

f(x) = { c − ‖x − y‖, if ‖x − y‖ ≤ c, 0, otherwise.

Then f is continuous and nonnegative. Thus ∫ f(x)dx > 0. However, by Theorem 2.2.11, ∫ f(x)dx = ∫ (f ∘ g)(x) det ∇g(x)dx. Since the support of f lies inside B_0, and B_0 is not the image of g, this integral must equal zero. ■

Corollary 2 Let g : B^n → R^n be continuous and equal to the identity function on S^{n−1}. Then g(B^n) contains B^n.

Proof. Extend g to be the identity map outside B^n. Using the same process as above, approximate g by a sequence of differentiable functions g^ϵ that are the identity outside S^{n−1}_{1+ϵ} . By corollary 1, each of these is onto, and so B^n ⊆ g^ϵ(B^n). Since g^ϵ(B^n) → g(B^n), and g(B^n) is compact, we must have B^n ⊆ g(B^n). ■

Brouwer’s theorem now follows by a standard argument. Suppose f : B^n → B^n is fixed point free. Define g : B^n → S^{n−1} by setting g(x) to be the intersection of the ray from f(x) through x, with the sphere. Formally, define g(x) = x + α(x)(x − f(x)), where

α(x) =

⟨x, f(x)⟩ − ‖x‖^2 + √ (⟨x, f(x)⟩ − ‖x‖^2)^2 − ‖x − f(x)‖^2(‖x‖^2 − 1) ‖x − f(x)‖^2 . Since x ≠ f(x), g is continuous. Then we have defined a continuous function g on B^n that is the identity on the sphere, whose image lies strictly in S^{n−1}, violating corollary 2.

2.2.3 Garcia’s Proof The following proof was found in a text on mathematical economics [27]. In the text, the author relates an anecdote in which he complains to a colleague that there is no simple proof of Brouwer’s theorem. The colleague, Adriano Garcia, responded by giving the following proof, based on Green’s theorem. Much of the work done in this section is needed to define a rather tedious function, which Garcia refers to as the discriminant.

The Existence of the Discriminant

We need the discriminant function δ to be real valued, and to act on the set of continuous functions f : R^n → R^n. To begin, let A be a neighbourhood of S^{n−1}, and let Z be the set of twice continuously differentiable functions f : A → R^n such that ‖f(x)‖ = 1 on S^{n−1}. Recall that the Jacobian of a function f, is the matrix of partial derivatives, the ith row being the derivative of the ith component of f. Next, let J_i(f) denote the Jacobian matrix of f, with the ith column replaced with f = (f_1, . . . , f_n), and define the operator G on the set Z by G(f) = (det J_1(f), det J_2(f), . . . , det J_n(f)).

Now, on Z we define the real valued function δ by

δ(f) = ∫ S^{n−1}

G(f) · n dS.

The function δ has the following properties.

Property 2.2.12 Let f ∈ Z, and suppose f has a normed continuously twice differentiable extension to all of B^n. Then δ(f) = 0.

Property 2.2.13 Let f,g ∈ Z. If f(x) + g(x) ≠ 0 for all x ∈ S^{n−1}, then δ(f) = δ(g).

To prove these facts we will have to know more about the behaviour of the operator G.

Lemma 2.2.14 Let f : R^n → B^n be twice continuously differentiable in a neighbourhood of S^{n−1}. Then ∇ · G(f) = n det J(f).

Proof. Recall that ∂_k(detJ_k) = n∑ m=1 det(J_{km}),

where J_{km} is the matrix J_k with ∂_k applied to its mth column. Note since ∂_k∂_mf = ∂_m∂_kf, we see that J_{km} and J_{mk} will be the same but with columns m and k interchanged. Thus det J_{km} = − det J_{mk}. Also it is clear that J_{kk} = J(f). Then we obtain

∇ · (G(f)) = n∑ k=1 ∂_k(det J_k)

= n∑ k=1 ∑ m = 1^n det J_{km}

= n det J(f).

■

Lemma 2.2.15 If f is twice continuously differentiable with ‖f(x)‖ = 1, then ∇·G(f) = 0.

Proof. This follows from the previous lemma by noting that for such an f, and for 0 ≤ i ≤ n, we have ∂_i|f|^2 = 2f · ∂_if = 0. Thus each of the n columns of the Jacobian of f are orthogonal to f, and so are linearly dependent. Hence det J(f) = 0. ■ We can now deduce property 2.2.12 by applying Green’s theorem to δ(f).

δ(f) = ∫ S^{n−1}

G(f) · n dS = ∫ B^n

∇ · G(f) dV = 0

Let f,g ∈ Z, and suppose f(x) + g(x) ≠ 0 on S^{n−1}. Fix ϵ > 0 such that f and g are defined for 1 − ϵ < |x| < 1 + ϵ. Set 1 − ϵ < α < β < 1. Let ϕ : R → [0, 1] be a twice continuously differentiable function defined on [1 − ϵ, 1 + ϵ] such that ϕ(x) = 0 on [1 − ϵ, α], and ϕ(x) = 1 on [β, 1 + ϵ]. Now we take the convex combination (1 − ϕ(|x|)f(x) + ϕ(|x|)g(x) of f and g, and call its normalization h(x). Then h must also be in the set Z. Thus ∇ · G(h) = 0. Fix γ ∈ (1 − ϵ, α).

∫ γ<|x|<1

∇ · G(h) dV = ∫ γ<|x|<1

∇ · G(f) dV

From which we obtain, after applying Green’s theorem, ∫ |x|=1

G(h) · n dS − ∫ |x|=γ

G(h) · n dS = ∫ |x|=1

G(f) · n dS − ∫ |x|=γ

G(f) · n dS.

But h = f on |x| = γ, and h = g on |x| = 1. From the definition of δ we obtain the result. That is, δ(f) = δ(g).

To reach our goal of using δ to prove Brouwer’s theorem we shall need to extend our definition to an arbitrary function f that is continuous and nonzero on S^{n−1}.

Definition 2.2.16 Let f be continuous and nonzero on S^{n−1}. Let g ∈ Z be such that f(x) · g(x) > 0 for all x ∈ S^{n−1}. Then we define δ(f) = δ(g).

It is clear that δ is well defined. If g_1 and g_2 are two functions in Z whose inner products with f are positive on the unit sphere, then so too is (g_1(x) + g_2(x)) · f(x) > 0, and so g_1(x) + g_2(x) ≠ 0. By property 2.2.13, δ(g_1) = δ(g_2). It should also be evident that such a function g actually exists. Given f, we can extend f to a neighbourhood of S^{n−1} by setting f(x) = |x|f ( x |x| ) . Then f can be approximated by twice continuously differentiable functions using the Weierstrauss Approximation Theorem. Normalizing the resultant function yields a member of Z with the desired property.

With the function δ defined, deducing Brouwer’s theorem is fairly straightforward. Let f : B^n → B^n be continuous. Define h(x) = x − f(x).

Now, let x ∈ S^{n−1}, and suppose (1 − t)x + th(x) = 0 for some t ∈ (0, 1). Then taking the inner product with x tells us (1 − t) + t(x · h(x)) = 0. That is,

h(x) · x = t − 1 t , for some t ∈ (0, 1].

But x · h(x) = x · (x − f(x)) = 1 − x · f(x) > 0. This contradiction tells us that x and h(x) nowhere point in opposite directions on the unit sphere. Hence by property 2.2.13, δ[h] = δ[id] ≠ 0. Then by property 2.2.12, any continuous extension of h to the whole of the unit ball must vanish somewhere. That is, f must have a fixed point.

Chapter 3

Generalizations

In the past century Brouwer’s theorem has seen many generalizations. The literature is vast; in this chapter we outline some of the major results. The first extensions were to specific function spaces. In 1922 Birkhoff and Kellogg showed that compact convex subsets of C^n[0, 1] and L_2[0, 1] have the fixed point property [7]. Cacciopoli showed the same is true in C[0, 1] [17]. Schauder made the leap to Banach spaces, and Tychonoff extended this further to locally convex topological vector spaces. The goal of these earlier efforts was to generalize the space E in which the theorem is set. Following this, results were proven for varying conditions on all three components of the fixed point theorem: the space E, the set X, and the function f : X → X. Many results were obtained that relaxed requirements on one or two of these components while asking more of the others. Some theorems based on certain boundary conditions do not require that f be a self–map. Throughout most of the development, containment of the image set f(X) in a compact set is necessary. However in the 50’s and 60’s, it was shown that we merely require the image to be somehow closer to compact than X itself. At some points we pause from our discussion of what types of sets have the topological fixed point property to consider some results on classes of functions for which closed, bounded, convex sets that the fixed point property. The generalizations we present here will be given in the following template as to facilitate comparison. Theorem 3.0.17 Let X be a subset of a space E, and f : X → E.

1. set:

2. space:

3. function:

Then [conclusion].

3.1 Extensions to Infinite Dimensions

Having proved Brouwer’s theorem, the fact that a nonempty compact convex set in Banach Space has the topological fixed point property is easy to acquire. Whereas Brouwer’s theorem has been derived through a variety of approaches, as described in the second chapter, the proofs of the infinite dimensional version are generally variations on a theme. We start with a continuous function on a compact convex set, and approximate this set with one that can be embedded in R^n. Then Brouwer’s theorem is applied to get a fixed point x_n. Letting n → ∞ gives us a sequence {x_n} in our original space, whose limit point turns out to be the desired fixed point. The different proofs in the literature vary in the method by which the approximation to finite dimensions is done.

3.1.1 Schauder’s Fixed Point Theorem Theorem 3.1.1 (Schauder 1927) Let X be a subset of E, and f : X → E.

1. X : compact, convex. 2. E : Banach space. 3. f : continuous self–map.

Then f has a fixed point in X.

Proof. Suppose f : X → X is a continuous function, and fix ϵ > 0. We will construct a function g : X → X that almost fixes every point of X. To start, by compactness of X, there exists a finite ϵ–net, {a_1, . . . , a_n} in E, that covers X. For each i ∈ {1, . . . , n}, we define the following function.

m_i(x) = { ϵ − |x − a_i|, |x − a_i| ≤ ϵ 0, |x − a_i| ≥ ϵ.

Note that for each x ∈ X, there exists an i such that m_i(x) is nonzero. Thus we can define g : X → X by g(x) =

∑_n

i=1 m_i(x)a_i ∑_n

i=1 m_i(x) . For any x ∈ X, we have

|g(x) − x| = | | ∑_n i=1 m_i(x)a_i ∑_n

i=1 m_i(x) − x | | = | | | ∑_n i=1 m_i(x)(a_i − x) ∑_n

i=1 m_i(x) | | | ≤ ϵ.

Let X_n = conv{a_1, . . . , a_n}, and consider (g ∘ f) : X_n → X_n. As it is the convex hull of a finite set of points, X_n can be embedded in R^n. Thus by Brouwer’s theorem, there is a point x_n that is fixed by g ∘ f.

|x_n − f(x_n)| ≤ |x_n − g ∘ f(x_n)| + |g ∘ f(x_n) − f(x_n)| = |g ∘ f(x_n) − f(x_n)| ≤ ϵ The sequence {x_n} is contained in X, a compact set. Thus we have a convergent subsequence {x_{nk} }, with limit x. By completeness, x is in X. Continuity of f tells us that f(x_{nk} ) converges to f(x). Now the above inequality tells us f(x) = x. ■

The following, due to Kakutani, illustrates the necessity of compactness in Schauder’s theorem. We cannot merely require X to be closed and bounded.

Example 2 Let ℓ_2(Z) be the space of functions on Z, with norm given by |x| = max_Z(|x_n|), where x_n is the nth coordinate of x.

Consider the unit ball in ℓ_2(Z). If we write b^n to be the element in this space that is 1 in the nth coordinate, and zero everywhere else, for any x ∈ ℓ_2(Z) we can write x = ∑ n∈Z x_nb^n.

Define R : ℓ_2(Z) → ℓ_2(Z) by (R(x))_n = x_{n−1} for each integer n. Then R is the right-shift operator, and is clearly continuous. Next, define f : B → B by f(x) = (1 − |x|)b^0 + R(x).

Continuity of f follows from the continuity of the norm, and the continuity of R. To see that f is indeed a self–map of the unit ball, let x ∈ B. Then we have

|f(x)| = |(1 − |x|)b^0 + R(x)| ≤ |(1 − |x|)b^0| + |R(x)| = |1 − |x|| + |x| = 1.

Now suppose f has a fixed point. Then there is an x such that x−R(x) = (1−|x|)b^0. But the left hand side can be a multiple of b^0 only when x = 0. In this case we get 0 = x−R(x) = b^0, a contradiction. Thus f is a fixed point free mapping of the unit ball in ℓ_2(Z).

The above result was actually Schauder’s first extension of Brouwer’s theorem to infinite dimensional space. He also proved the theorem for X closed and convex, but with f a compact mapping. Clearly a continuous mapping on a compact set is compact, but if f : X → X is compact, we need not have compactness of X. For instance, the retraction of the open unit ball in R^2 onto the origin is a compact map. This result is sometimes called “Schauder’s second theorem”.

3.1.2 Tychonoff’s Fixed Point Theorem In 1935 Tychonoff proved the following extension of Brouwer’s theorem.

Theorem 3.1.2 Let X be a subset of a space E, and f : X → E.

1. X : compact, convex.

2. E : locally convex topological vector space. 3. f : continuous self–map.

Then f has a fixed point in X.

Recall that given two open covers U = {U_α}_{α∈A}, V = {V_β }_{β∈B} of a space X, the second is a refinement of the first if each member V_β is contained in some U_α. Also, U is called nbd-finite provided for each x ∈ X, there is a neighbourhood of x that intersects only a finite number of the U_α. A Hausdorff space X is called paracompact when every open cover of X admits a nbd-finite refinement. Given Y ⊂ X, the star of Y with respect to the cover U is the set St(Y, U) = ⋃ {U_α : Y ∩ U_α ≠ ∅}. A covering V is called a star–refinement of U provided the cover {St(V_β , V )}_{β∈B} is a refinement of U. We remark that every open cover of a paracompact space admits an open star–refinement.

Lemma 3.1.3 Let E be a Hausdorff topological space, X ⊂ E, and f : X → X continuous. Then f has a fixed point if and only if for each open cover {U_α}_{α∈A} of X, there exists x ∈ X and U_α such that both x and f(x) lie in U_α.

Proof. The “only if” part if the implication is certainly clear. Next assume that for every open cover {U_α} of X there is an x ∈ X and α such that both x and f(X) lie in U_α. Suppose f : X → X is continuous with no fixed points. Since E is Hausdorff, we can find open neighbourhoods W_x and V_{f(x)} that separate x and f(x). Then the open cover {W_x}_{x∈X} violates our assumption. ■ With the lemma and the language above we can now prove Tychonoff’s theorem.

Proof. Let {U_k} be an open cover of X. Without loss of generality, assume each U_α is convex. We will approximate X with a finite dimensional set X_n, and f with a simplicial approximation F , and from the fixed point of F , we obtain an x such that f(x) and x lie in the same U_α for some α.

To this end, let {W_i} be a star–refinement of {U_α}, and W_1, . . . , W_n a finite subcover of this refinement. For each k, 0 ≤ k ≤ n, select and element from W_k and label it x_k. Now define X_k = co{x_1, . . . , x_k}, and set m = dim X_k ≤ n. Subdivide W_k into a series of m–simplexes intersecting only in their faces, small enough that each m–simplex is completely contained in f^{−1}(W_k) for some k. Let {v_0, . . . v_s} be the combined vertex sets of our simplexes. For each v_i, f(v_i) is contained in one or more W_k. Pick one of these k, and define F (v_i) = x_k. Next extend F linearly to all x ∈ X_n. Then F is a continuous self-map on X_n, and thus by Brouwer’s theorem, has a fixed point, say x ∈ X_n.

To complete our proof we show the existence of an α such that both x and f(x) lie in U_α. Indeed, let x ∈ f^{−1}(W_k). Then f(x) ∈ W_k ⊆ U_α, where U_α contains St(W_k, W ). Now x lies in some m–simplex, so let x = ∑ λ_iy_i. Then F (x) = ∑ λ_iF (y_i), where each F (y_i) gets mapped to an x_j, where f(y_i) ∈ W_j. Since f(y_i) ∈ W_k, this W_j must be a neighbourhood of W_k. That is, f(y_i) ∈ st(W_k, W ) ⊆ U_α. Thus by convexity, F (x) ∈ U_α. Since x was a fixed point of F , we are done. ■

Eventually Schauder’s second theorem and Tychonoff’s theorem were unified to produce the so–called “Schauder–Tychonoff” fixed point theorem. The following was proven by Hukuhara in 1950.

Theorem 3.1.4 Let X be a subset of a space E, and f : X → E.

1. X : convex.

2. E : locally convex topological vector space. 3. f : compact, continuous self–map.

Then f has a fixed point in X.

3.2 Fixed Point Properties for Closed Bounded Convex Sets

As noted, compactness is important in establishing the topological fixed point theorem in infinite dimensions. In infinite dimensions, the property fails for closed bounded sets. In this section we pause from our consideration of continuous functions to consider some classes of functions for which closed bounded convex sets have fixed points.

3.2.1 Theorems with Boundary Conditions The first of the theorems in this genre was by KKM in 1929. They proved that a continuous function on the unit ball in R^n that mapped the unit sphere into the unit ball must have a fixed point. The following theorem is due to Rothe.

Theorem 3.2.1 Let X be a subset of a space E, and f : X → E.

1. X : closed unit ball. 2. E : Banach space.

3. f : compact, continuous, and such that f(∂X) ⊂ X. Then f has a fixed point in X.

Proof. Suppose f : B → E is a compact continuous function such that f(S) ⊂ B. Let r : E → B be the projection of E onto B. Since the continuous image of a compact set is again compact, we have that (r ∘ f) : B → B is a compact continuous map. Thus by Schauder’s theorem, there is an x ∈ B such that r(f(x)) = x. If x ∈ int(B), then f(x) = x by the definition of r. Else, x is on the boundary of the ball, and by supposition, f(x) ∈ B.

Thus r(f(x)) = f(x), and again x is the desired fixed point of f. ■

We note that Rothe’s theorem does not hold if we simply require that f be a compact mapping on the boundary of X. The following example illustrates this.

Example 3 Let X be the ball of radius 2, centered at the origin, in the space ℓ_2. Define f : X → X as follows. For x = (x_1, x_2, . . . , x_n, . . .),

f(x) = { ( √ 1 − ‖x‖^2, x_1, x_2, . . . , x_n, . . .), ‖x‖ ≤ 1, (2 − ‖x‖)f(^x_{‖x‖} ), 1 ≤ ‖x‖ ≤ 2.

We see that f maps the boundary of X to the origin, and thus is a compact mapping on this set. However, a similar argument to that in example 2 shows that f has no fixed points.

Since Rothe proved this result, many authors have investigated various boundary conditions. It is possible to replace the condition f(∂X) ⊂ X with any of: i) ⟨f(x), x⟩ ≤ ‖x‖^2 (Krasnoselskii), ii) ‖x − f(x)| ≥ ‖f(x)‖ (Petryshyn), or iii) ‖x − f(x)‖^2 ≥ ‖f(x)‖^2 − ‖x‖^2 (Altman), for x on the unit sphere. For a discussion of these boundary conditions and how they relate to each other, see Istratescu [35].

3.2.2 Conditions on Compactness Another avenue for the generalization of Brouwer’s theorem is through the requirements on compactness. It has already been shown that we do not need the set X itself to be compact, as long as the image of X is contained in a compact subset of E. It is interesting that what we need is that f in some sense takes X a little closer to being compact. We will consider two types of mappings that satisfy this condition.

Definition 3.2.2 Let X be a complete metric space, and M the family of bounded nonempty subsets of X. The Kuratowski measure of noncompactness is the function α : M → R^+ defined by

α(A) = inf { ϵ > 0 : A can be covered by a finite number of sets in M with diameter < ϵ } .

Example 4 In infinite dimensional Banach space, α(B) = 2.

Clearly α(B) ≤ 2. Let {e^i}_{i∈I} be a basis for the space where e^i_j = 1 if j = i, and zero otherwise. Each e^i lies in B. the smallest ball containing n basis vectors e^{i1} , . . . , e^{in} would be centered at 1 n n∑ t=1 e^{it} , with radius √ 1 −^1_n . Then each ball of diameter 2 √ 1 −^1_n can cover at most n basis vectors. Thus it would take an infinite number of these balls to cover B. Since any set of diameter 2 √ 1 −^1_n is contained in a ball of diameter 2 √ 1 −^1_n , any covering of B of sets with diameter 2 √ 1 −^1_n would have to be infinite. Thus α(B) > 2 √ 1 −^1_n for all n. Thus α(B) = 2.

There are other measures of noncompactness. For example, in the above definition we could have taken the infimum over all balls of radius less than ϵ, rather than sets of diameter less than ϵ. Then we would have obtained the Hausdorff measure of noncompactness. Any measure would do in what follows. We have the following properties.

Properties of the Measure of Noncompactness

1. α(A) = 0 ⇔ A is compact.

2. A ⊆ B ⇒ α(A) ≤ α(B)

3. α(A) = α(A)

4. α(A ∪ B) ≤ max {α(A), α(B)}

5. α(A + B) ≤ α(A) + α(B)

6. α(cA) = |c|α(A)

7. α(conv(A)) = α(A)

Proof. For (1), assume α(A) = 0, and suppose A is not compact. Then there exists a sequence {x_n} with no convergent subsequence. Thus we can find an ϵ > 0 such that no ϵ–ball contains a subsequence of {x_n}. Then no finite collection of sets with diameter less than 2ϵ can cover A, violating our assumption. Next, (2) follows clearly since any covering of B is also a covering of A. Property (3) is also immediate. From (2) we see α(A) ≤ α(A). The reverse inequality follows since if {U_α} covers A, then {U_α} covers A, and diam(U_α) = diam(U_α). Property (4) is clear. For (5) we need just note that if {U_i} and {V_j } are finite covers of A and B respectively, and diam(U_i) ≤ ϵ_1, diam(V_j ) ≤ ϵ_2, then diam(U_i + V_j ) ≤ ϵ_1 + ϵ_2. (6) is also evident. ■

Before we can prove property 7, we need the following lemma.

Lemma 3.2.3 If C_1, C_2 are bounded and convex, then α(conv(C_1∪C_2)) ≤ max {α(C_1), α(C_2)}.

Proof. Let ϵ > 0 be given. By boundedness of C_1 and C_2, choose K ∈ R such that ‖x‖ < K for x ∈ C_1 ∪ C_2. Select a partition {t_i}^n_{i=1} of [0, 1] such that t_i − t_{i−1} ≤^ϵ_{2K} . Then we have conv(C_1 ∪ C_2) ⊆ ⋃ 1≤i≤n

{t_iC_1 + (1 − t_i)C_2 + ϵB}.

Thus,

α(conv(C_1 ∪ C_2)) ≤ max {α(t_iC_1 + (1 − t_i)C_2 + ϵB)} ≤ max {t_iα(C_1) + (1 − t_i)α(C_2) + ϵα(B)} = max {α(C_1), α(C_2)} + 2ϵ.

Since ϵ > 0 was arbitrary, the result is proven. ■

We can now prove property 7.

Proof. Since A ⊆ conv(A), we need only show α(conv(A)) ≤ α(A). Let ϵ > 0 be given, and U_1, . . . , U_n be a finite cover of A with diamU_i < α(A) + ϵ. Define A_1 = U_1, and A_i = conv (A_{i=1} ⋃ U_i). Then conv(A) ⊆ conv (

⋃_n i=1 U_i) ⊆ A_n, and so α(conv(A)) ≤ α(A_n).

But by Lemma 3.2.3,

α(A_n) ≤ max {α(U_i)} ≤ diam(U_i) ≤ α(A) + ϵ.

Since ϵ > 0 was arbitrary, the result is proven. ■

We can use α to define a class of functions for which closed, bounded, convex sets have the fixed point property.

Definition 3.2.4 Let X be a complete metric space. A continuous function f : X → X is called an α–set contraction provided there exists a k ∈ [0, 1) such that for all A ⊆ X, we have α (f(A)) ≤ kα(A).

Clearly any contraction mapping is an α–set contraction. Further, any completely continuous compact function is an α–set contraction. This follows since if A is a bounded subset of E, then f(A) is precompact. Thus α(f(A)) = 0 ≤ kα(A) for any k ∈ [0, 1).

We can now prove the following theorem by Darbo [19].

Theorem 3.2.5 (Darbo 1955) Let X be a subset of a space E, and f : X → E.

1. X : closed, bounded, convex. 2. E : Banach space.

3. f : an α–set contraction, self–map on X. Then f has a fixed point in X.

Proof. Let X_0 = X, and define X_n = conv(f(X_{n−1})) for n ≥ 1. By convexity of X, X_1 ⊆ X_0. An induction argument shows that X_n ⊆ X_{n−1} for each n. Thus {X_n}^∞_{n=0} is a decreasing sequence of closed convex sets. Thus X_∞ = ∞⋂ n=0 X_n is nonempty, closed and convex. Also,

α(X_n) = α(conv(f(X_{n−1}))) = α(f(X_{n−1})) ≤ kα(X_{n−1}),

where k is some fixed real in [0, 1). From this, we obtain α(X_n) ≤ k^nα(X). Since X is bounded, α(X) < ∞. Taking limits gives α(X_∞) = 0, and so X_∞ is compact. Further, since ∞⋂ n=0 X_n = ∞⋂ n=0 conv(f(X_n)), it follows that f is a self-map on X_∞. Thus by Schauder’s theorem f has a fixed point. ■

Now we turn to another more general class of functions for which closed, bounded, convex sets have the fixed point property.

Definition 3.2.6 Let X be a complete metric space. A function f : X → X is called condensing, or densifying, provided for each noncompact subset A of X, we have α(f(A)) < α(A).

Sadovski used Zorn’s lemma, and Schauder’s theorem to prove a theorem analogous to, but stronger than Darbo’s theorem. It is strange that Darbo’s theorem is more frequently referenced in the literature. We have included both results for the sake of completeness. To obtain Sadovski’s theorem, we need the following result.

Theorem 3.2.7 Let X be compact, and f : X → X. Then there exists a nonempty subset M ⊆ X such that M = f(M).

Proof. Let Z = {A ⊆ X : f(A) ⊆ A, A closed, A ≠ ∅}, and partially order Z by reverse inclusion. Then Z ≠ ∅, since X ∈ Z. Consider a chain in A:

A_1 ⊇ A_2 ⊇ · · · ⊇ A_n ⊇ · · ·

Then ⋂ A_i is closed, and since X is compact, ⋂ A_i ≠ ∅. Also, since ⋂ f(A_i) is closed, it is clear that ⋂ f(A_i) ⊆ ⋂ f(A_i) ⊆ ⋂ A_i. Thus ⋂ A_i ∈ Z, and is an upper bound for our chain.

Thus by Zorn’s lemma, Z has a maximal element, say M. Then necessarily, f(M) = M. For if not, choose x ∈ M \ f(M). By closedness of f(M), we can find a neighbourhood U_x of x with U_x ⋂ f(M) = ∅. Then M ⋂ U^c_x is closed, and f(M ⋂ U^c_x) ⊆ f(M) ⊆ M ⋂ U^c_x, violating maximality of M (under the reverse inclusion ordering). ■

It is easy to see that an α–set contraction is a condensing function, but the converse need not be true. For example, see Istratescu (p.160) [35]. Thus the following theorem is indeed stronger than theorem 3.2.5.

Theorem 3.2.8 (Sadovski 1967) Let X be a subset of a space E, and f : X → E.

1. X : closed, bounded, convex. 2. E : Banach space.

3. f : a condensing self–map. Then f has a fixed point in X.

Proof. Fix x ∈ X. Let K =

⋃_∞ n=1{f^n(x)}. Since f is condensing, if α(K) ≠ 0 we have

α(K) = α(f(K) ∪ {f(x)}) ≤ α(f(K)) < α(K).

Thus α(K) = 0, and so K is compact. Also f(K) ⊆ K. Thus by Lemma 3.2.7, there is a nonempty subset M ⊂ K such that M = f(M). We use M to produce a compact convex set to which we can apply Schauder’s theorem. To this end, set

C = {B ⊆ X : M ⊆ B, B closed, convex, and invariant under f}.

Note that C is nonempty, since X ∈ C. Next let A = ⋂ B∈C B. Then A = conv(f(A)), and assuming α(A) ≠ 0, we have

α(A) = α(conv(f(A))) = α(f(A)) < α(A).

Thus α(A) = 0, and A is compact. Hence, by Schauder’s theorem, f has a fixed point. ■

3.3 Other Extensions

We end this chapter with a look at fixed point theorems involving more than one function. The geometric counterpart of the topological fixed point theorem is of course the famous Banach contraction principle. The following theorem due to Krasnoselskii considers the fixed points of the sum of a compact continuous mapping with a contraction.

Theorem 3.3.1 (Krasnoselskii) Let X be a subset of a space E, and f, g : X → E.

1. X : closed, convex. 2. E : Banach space.

3. f and g : continuous, f compact, g a contraction, and f(X) + g(X) ⊆ X . Then f + g has a fixed point in X.

Lemma 3.3.2 Let g : X → E be a contraction, and id the identity map. Then id − g : X → (id − g)(X) is a homeomorphism, and if (id − g)(X) is precompact, then so is X.

Proof. To see that (id − g)^{−1} is continuous. it is sufficient to note that

‖(id − g)(x) − (id − g)(y)‖ ≥ ‖x − y‖ − ‖g(x) − g(y)‖ ≥ (1 − k)‖x − y‖,

for some k ∈ [0, 1). Also, if (id − g)(X) can be covered with a finite number of balls of radius (1 − k)ϵ, then X can be covered by a finite number of balls of radius ϵ. ■

Proof. [of Theorem 3.3.1] Fix a ∈ X. The the function x → g(x) + f(a) is a contraction on X, and hence has a unique fixed point x_0 in X. Then x_0 − g(x_0) = f(a), and so (id − g)^{−1} ∘ f(a) is in X for each a. By Lemma 3.3.2, (id − g)^{−1} ∘ f is continuous and compact, and so has a fixed point z. Then f(z) + g(z) = z. ■

In theorem 3.3.1, the requirement that f(x) + g(y) be in X for all x, y ∈ X is quite strong. It is natural to ask whether we may merely require f + g be a self map on X. The answer is yes, if we assume X is bounded. For if f is compact, then for A ⊆ X, f(A) is precompact. Hence f(A) is compact, and α(f(A)) = 0. Further if g is a contraction, and U_1, . . . , U_n is a finite cover of A with diam(U_i) < ϵ, then g(U_1), . . . , g(U_n) covers g(A). For g(x), g(y) ∈ g(U_i) we have ‖g(x) − g(y)‖ ≤ k‖x − y‖ < kϵ, for some k ∈ [0, 1). Thus diam(g(U_i)) < diam(U_i), and so α(g(A)) < α(A). In summary,

α((f + g)(A)) = α(f(A) + g(A)) ≤ α(f(A)) + α(g(A)) < α(A).

Thus f + g : X → X is condensing, and by Sadovski’s theorem, f + g has a fixed point.

Much theory has been developed on fixed point theorems for families of continuous functions. The following was obtained by Markov using the Tychonoff fixed point theorem. Kakutani gave a direct proof of the theorem, for a family of equicontinuous functions. Recall that a family of functions F = {f} is said to be equicontinuous on a set X if for every x ∈ X and any family of neighbourhoods {V_f }_{f∈F} of f(x), there exists a neighbourhood U of x such that y ∈ U implies f(y) ∈ V_f , for all f ∈ F .

A family of functions F = {f} defined on a set X, is said to have a fixed point if there is a mutual fixed point for all f ∈ F . A family F is said to be commuting if f ∘ g = g ∘ f for all f, g ∈ F .

Theorem 3.3.3 (Markov 1936) Let X be a subset of a space E, and f : X → E.

1. X : compact, convex.

2. E : locally convex topological vector space. 3. F = {f} : a commuting family of affine functions.

Then F has a fixed point in X.

Proof. For f ∈ F , let Fix(f) denote the set of fixed points of f. Since f is affine, it is not hard to see that Fix(f) is closed and convex, and so Fix(f) inherits compactness from X. By Tychonoff’s theorem, Fix(f) is nonempty. Next note that for x ∈ Fix(f), and g ∈ F , g(x) = g(f(x)) = f(g(x)), so g(x) ∈ Fix(f), and g is a self-map of the compact convex set Fix(f). Thus, as above, the set of points in Fix(f) that are fixed by g is compact, convex, and nonempty. This set is exactly Fix(g) ∩ Fix(f). Then by induction, the set {Fix(f) : f ∈ F } has the finite intersection property. Now by compactness of X, we see ⋂ f∈F Fix(f) ≠ ∅.

Hence F has a fixed point. ■

Further results are known for nonaffine families of commuting mappings. In general, we know that an arbitrary family of commuting continuous functions need not have a common fixed point. See, for example, Boyce [15], or Huneke [34]. Both independently showed that there exist two commuting continuous functions on the unit interval that do not have a common fixed point. However, we know that if all but one member of the family of mappings is affine, then the theorem still holds. As well, it is not hard to see that any family of commuting continuous functions that contains just one contraction must have a common fixed point. Indeed, if g is a contraction, then it must have a unique fixed point, say x. For f ∈ F , g(f(x)) = f(g(x)) = f(x). Then by uniqueness, f(x) = x.

Chapter 4

Multifunctions and Kakutani’s Theorem

Topological fixed point theory for multifunctions has its seeds in von Neumann’s work in the proof of the fundamental theorem of game theory [45]. In an effort to simplify the arguments used, Kakutani proved an analog of Brouwer’s theorem [36]. Since its conception, Kakutani’s theorem has been applied numerous times in game theory, economic theory, and control theory. In particular, Nash used it to prove the existence of an equilibrium for finite games. Debreu [20] lists more than three hundred applications of the theorem in proving the existence of an economic equilibrium. As with Brouwer’s theorem, various authors have sought generalizations of Kakutani’s theorem. Some of the development has paralleled that of Brouwer.

Kakutani’s theorem is a statement about fixed points in compact convex subsets of R^n. The generalization to Banach space was given by Bohnenblust and Karlin [9]. Fan [23] and Glicksberg [30] independently extended this to locally convex topological vector spaces. Later, Himmelberg [33] dropped the compactness requirement on X, assuming that the image of the multifunction is contained in a compact subset of X. As with Brouwer’s theorem, there have also been results based on boundary conditions. We give the analog to Rothe’s theorem, as well as a boundary condition theorem by Browder [16] that does not require our function be a self map.

4.1 Kakutani’s Fixed Point Theorem

Recall that a multifunction F : X → 2^X is a set valued map on X. As in Brouwer, we will consider sets that are compact and convex. The basic requirement for a multifunction in topological fixed point theorems is that it be upper semicontinuous, with nonempty, compact, convex images. For short, we say F is a cusco. An element x ∈ X is a fixed point for F provided x ∈ F (x). If every cusco mapping X into 2^X has a fixed point, then we say X has the Kakutani fixed point property (kfpp).

Lemma 4.1.1 The Kakutani fixed point property is preserved under retractions.

Proof. Suppose X has the Kakutani fixed point property. If r : X → Y is a retraction, and F : Y → 2^Y is a cusco, then G : X → 2^Y defined by G(x) = F (r(x)) is a cusco, and has a fixed point that must also be a fixed point of F . ■ Theorem 4.1.2 (Kakutani) Let X be a compact convex subset in R^n. If F : X → 2^X is a cusco, then F has a fixed point.

Proof. In light of the above lemma, we may assume that X is a k-simplex. Let n > 0 be given. Subdivide X into a k-simplicial complex such that each k-subsimplex is contained in a ball of radius^1_n . Define a single valued function f_n : X → X as follows. For each vertex v in X, select f_n(v) in F (v). Then extend f_n linearly over each k-subsimplex in the complex. So f_n is continuous, and by Brouwer’s theorem, has a fixed point, say x_n. Consider the sequence {x_n} in X. We may assume lim_{n→∞} x_n = x, since otherwise we can consider a convergent subsequence. We will show that x is our desired point.

To this end, let S_n be a k-simplex in our complex, containing x_n, and let x^n_0 , . . . , x^n_k be the vertices of S_n. As n → ∞, the diameter of S_n goes to zero. Thus x^n_i → x for each i. Let f_n(x^n_i ) = y^n_i . So we can write x_n =

∑_k i=0 λ^n_i y^n_i , where

∑_k i=0 λ^n_i = 1, λ^n_i ≥ 0. We can assume without loss of generality that x_n → x, λ^n_i → λ_i, and y^n_i → y_i all converge. Otherwise we could use convergent subsequences. Since for each n,

∑_k i=0 λ^n_i = 1, λ^n_i ≥ 0, we must have ∑_k

i=0 λ_i = 1, λ_i ≥ 0. So x =

∑_k i=0 λ_iy_i is a convex combination. Further, since x_i → x, y^n_i → y_i, y^n_i ∈ F (x^n_i ), by upper semicontinuity of F , we must have y_i ∈ F (x) for each i. Thus by convexity of F (x), we obtain x ∈ F (x). ■

Not surprisingly, the kfpp is very closely related to the tfpp. If X has the kfpp, then since any continuous single valued function can be viewed as a cusco, X will also have the tfpp. Further, if X is a compact subset of Euclidean space, then the two properties are equivalent. For in this case, Cellina’s theorem says that there is an approximate continuous selection f of F . That is, for each ϵ > 0, there exists f_ϵ : X → X continuous with

d_{Gr(F )}(x, f_ϵ(x)) < ϵ,

for any x in X. So if X has the tfpp, then each f_ϵ has a fixed point, say x_ϵ. Letting ϵ go to zero gives a sequence (x_ϵ, x_ϵ) that approaches the graph of F . Since F is a cusco, this graph is closed, hence lim_{ϵ→0}(x_ϵ, x_ϵ) = (x, x) ∈ Gr(F ). That is, x is a fixed point for F . It follows that the two properties are also equivalent for the class of convex sets. For if X is convex and noncompact, then X doesn’t have the tfpp (or the kfpp).

4.2 Extended to Banach Space

As in the case for single valued mappings, a set that can be approximated by a sequence of sets having the Kakutani fixed point property will inherit this property. It is through this approximation process that we can extend Kakutani’s theorem to Banach space. As stated, Bohnenblust and Karlin first showed the extension of Kakutani’s theorem to Banach space. The following proof of this result can be found in Smart [52].

Lemma 4.2.1 Let E be a normed space, and X ⊂ E a compact and convex. Suppose that for every n ∈ N, there exists f_n : X → X linear such that

1. ‖f_n(x) − x‖ < ϵ_n for all x ∈ X, where ϵ_n → 0 as n → ∞.

2. f_n(X) has the Kakutani fixed point property for each n.

Then X has the Kakutani fixed point property.

Proof. Let F : X → 2^X be a cusco. Then f_n ∘ F is a cusco on f_n(X), and so by assumption, has a fixed point. Let x_n ∈ f_n(F (x_n)), and write x_n = f(y_n) for some y_n ∈ F (x_n). Possibly after considering subsequences, let x_n → x in f(X). Then by assumption, ‖x_n − y_n‖ = ‖f(y_n) − y_n‖ → 0. Thus y_n → x, and the sequence (x_n, y_n) in Gr(F ) converges to (x, x). Since Gr(F ) is closed, we obtain x ∈ F (x). Thus X has the Kakutani fixed point property. ■

In what follows, we use the fact that any compact convex subset of a Banach space is homeomorphic to a compact convex subset of the Hilbert cube, H. The following lemma is needed to show that H has the Kakutani fixed point property.

Theorem 4.2.2 The Hilbert cube H = {(x_n) ∈ ℓ_2 : |x_n| ≤^1_n } has the kfpp.

Proof. Let p_n : ℓ_2 → ℓ_2 be the projection map defined by p_n(x_1, x_2, . . .) = (x_1, . . . , x_n, 0, . . .). The for each x ∈ H, ‖p_n(x) − x‖^2 ≤ ∞∑ k=n+1 1 k^2 , which approaches zero, as n → ∞. Also p_n(H) can be embedded into R^n as a closed bounded convex set. Thus p_n(H) has the kfpp for each n. Thus by lemma 4.2.1, H has the kfpp. ■

Theorem 4.2.3 Let X be a compact convex subset in Banach space. There is a linear homeomorphism of X onto a compact convex subset of H.

Proof. Assume that X is a subset of B. Let {x_n} be dense in span(X), and for each n ∈ N choose a bounded linear function F_n on E such that

f_n(x_n) = ‖x‖ n , and ‖f_n‖ = 1 n . Now define f : X → H by f((x_i)) = (f_i(x)). Then clearly f is continuous. Also if x ≠ y, then

|f_n(x) − f_n(y)| ≥ ‖f_n(x_n)| − |f_n(x − y − x_n)| ≥ ‖x_n‖ n − ‖(x − y) − x_n‖ n > 0,

for x_n sufficiently close to x − y. Thus f is a linear homeomorphism onto f(X). Since X is compact and convex, so is f(X). ■ Since the kfpp is preserved under linear homeomorphisms, and any compact convex subset of H is a retract of H, we have the following theorem.

Theorem 4.2.4 Let X be a compact convex subset of a Banach space, and F : X → 2^X a cusco. Then F has a fixed point.

As in the single-valued case, we can use this result to make a statement about a class of functions for which a closed convex set has the fixed point property.

Theorem 4.2.5 Let X be a closed convex subset of a Banach space, and F : X → 2^X a cusco. If F (X) is contained in a compact subset of X, then F has a fixed point.

Proof. Let Y = conv (F (X)) ⊆ X. Since F (X) is contained in a compact subset of X, its closure must be compact. Thus by Mazur’s theorem, Y is compact. From theorem 4.2.4, F : Y → 2^Y has a fixed point. ■

Further generalizations of the Kakutani fixed point theorem has paralleled some of that of the single valued case. For references, see for instance, [47].

4.3 Theorems with Boundary Conditions

In this section we take a slight detour to consider some results in which the function considered is not strictly a self–map. The first theorem we consider is immediate from the material in the previous section. In the second part, we look at some interesting results by Browder that don’t explicitly make any requirements that F map X into 2^X . Of course, it is a necessary consequence of the conditions that Browder does insist on that F (X)∩X ≠ ∅. This theorem is of particular interest because it gives better insight into the characteristics of F that give us a fixed point. As well, the preliminary results need to prove the theorems of Browder are of interest in their own right.

We begin with the multifunction analog of Rothe’s theorem.

Theorem 4.3.1 Let X be a closed convex subset of a Banach space E, and F : X → 2^E a cusco such that F (X) is precompact. If F (x) ⊆ X for each x ∈ ∂X, then F has a fixed point.

Proof. First note that if X has empty interior, then X = ∂X, and the result follows from theorem 4.2.5. In int(X) ≠ ∅, then we can assume without loss of generality that

0 ∈ int(X). By virtue of F (X) being contained in a compact subset of X, choose c ∈ R^+ such that F (X) ⊆ cX. Next let g be the Minkowski functional, and let r : cX → X be the retraction defined by r(x) = (max {g(x), 1})^{−1}X. Consider the function G : cX → 2^{cX} defined by G(x) = F (r(x)).

Then G is a cusco, and so there is an x_0 ∈ cX with x_0 ∈ G(x_0). Note that if x ∉ X, then r(x) ∈ ∂X, and so G(x) ⊆ X. Thus any fixed point of G must be in X. It follows that x_0 is a fixed point of F . ■

Now we turn to our first result by Browder. The previous multifunction results have required F to be usc. In the following, we ask that the inverse image of open sets under F be open. In this case, F is said to be lower semicontinuous.

Theorem 4.3.2 Let X be a nonempty compact convex subset of a topological vector space E, and F : X → 2^X such that F (x) is nonempty and convex for each x ∈ X. Suppose that F^{−1}(y) = {x ∈ X : y ∈ F (x)} is open for each y ∈ X. Then F has a fixed point.

Proof. The set {F^{−1}(y) : y ∈ X} is an open cover of our compact set X. Thus choose a finite subcover {F^{−1}(y_i)}^n_{i=1}, and let p_i : X → R, 1 ≤ i ≤ n, be a partition of unity subordinate to this cover. Define p : X → X by

p(x) = n∑ i=1 p_i(x)y_i.

By convexity of X, p is well-defined. Also, for each i such that p_i(x) ≠ 0, we have x ∈ F^{−1}(y_i). Thus y_i ∈ F (x). Since n∑ i=1 p_i(x) = 1,and p_i(x) ≥ 0, we see that p(x) is a convex combination of points in F (x). Since F (x) is convex, p(x) ∈ F (x). But p is a continuous self-map on the finite dimensional set, so by Brouwer’s theorem p has a fixed point. This point is the desired fixed point for X. ■

Lemma 4.3.3 Let X be a compact subset of a topological vector space E, and f : X → E^∗ continuous. Then for a fixed y ∈ X, the function g : X → R defined by g(x) = ⟨f(x), x − y⟩ is continuous.

Proof. Fix y ∈ X. By compactness of X, let K = sup_{x∈X} {‖x − y‖} < ∞. Fix z ∈ X, and let ϵ > 0 be given. Since f is continuous, choose δ_1 > 0 so that ‖x − z‖ < δ_1 ⇒ ‖f(x) − f(z)‖ <^ϵ_{2k} . Since f(x) ∈ E^∗, let δ_2 > 0 be such that ‖x − z‖ < δ_2 ⇒ |⟨f(z), z − x⟩| <^ϵ_2 . Then choose δ = min {δ_1, δ_2}. Continuity of g follows from

‖g(z) − g(x)‖ = ‖⟨f(z), z − y⟩ − ⟨(x), x − y⟩‖ ≤ ‖⟨f(z), z − y⟩ − ⟨f(z), x − y⟩ + ⟨f(z), x − y⟩ − ⟨f(x), x − y⟩‖ ≤ ‖⟨f(z), z − x⟩‖ + ‖⟨f(z) − f(x), x − y⟩‖.

■

Lemma 4.3.4 Let E be a locally convex topological vector space, and X a nonempty subset of E. Let F : X → 2^E be a cusco, and suppose F has no fixed points. Then there exists a continuous function f : X → E^∗ such that for x ∈ X, f(x) is strictly positive on x − F (x).

Proof. For x^∗ ∈ E^∗, define

N_x∗ = {x ∈ X|⟨x^∗, y⟩ > 0 for all y ∈ x − F (x)}.

Note that by assumption, 0 ∉ x − F (x), for each x ∈ X. Also, x − F (x) is closed and convex. Thus, for a fixed x_0 ∈ X, a familiar separation theorem tells us there is a δ > 0 and x^∗ ∈ E^∗ with ⟨x^∗, y⟩ > δ for each y ∈ x_0 − F (x_0). Further, by continuity of x^∗, we can choose a neighbourhood V of x_0 − F (x_0) such that ⟨x^∗, y⟩ >^δ_2 for y ∈ V . By upper semicontinuity of F , there is a neighbourhood U of x_0 such that x ∈ U gives x − F (x) ⊆ V . Thus U ⊆ N_x∗ . Hence x_0 ∈ intN_x∗ , and {intN_x∗ : x^∗ ∈ E^∗} is an open cover of X. By compactness, let {N_x∗_1 , . . . , N_x∗_n } be a finite cover of X, and choose {β_1, . . . β_n} a partition of unity subordinate to this cover. Define f : X → E^∗ by

f(x) = n∑ i=1 β_i(x)x^∗_i .

Then f is continuous, and for β_i(x) ≠ 0, we have ⟨x^∗_i , y⟩ > 0 for all y ∈ x − F (x). Thus f(x) is strictly positive on x − F (x). ■

The following lemma is typical in Browder’s treatment of fixed point theorems for multifunctions. A more detailed account can be found in [16], and references therein. In this vein, Browder relates the absence of a fixed point of F to the existence of a single valued function that is positive on x − F (x) for some x.

Lemma 4.3.5 Let X be a compact convex subset of a locally convex topological vector space E, and f : X → E^∗ continuous. Then there exists x ∈ X such that ⟨f(x), x − y⟩ ≥ 0 for all y ∈ X.

Proof. Suppose the contrary, and let F (x) = {y ∈ X : ⟨f(x), x − y⟩ < 0}. Then by assumption, for any x ∈ X, F (x) ≠ 0. Further, if x_1, x_2 ∈ F (x), then for 0 ≤ λ ≤ 1, we have

⟨f(x), x − (λx_1 + (1 − λ)x_2)⟩ = λ⟨f(x), x − x_1⟩ + (1 − λ)⟨f(x), x − x_2⟩ < 0.

Thus F (x) is convex. By Lemma 4.3.3, for a fixed y ∈ X, the function defined by g(x) = ⟨f(x), x − y⟩ is continuous. Thus g^{−1}(−∞, 0) = F^{−1}(y) is open. Now by theorem 4.3.2, F has a fixed point. But x ∈ F (x) means 0 > ⟨f(x), x − x⟩ = 0, a contradiction. ■

As stated, the theorems we present below make no explicit assumption that the intersection of F (X) and X is nonempty. Instead, strong assumptions on the behaviour of F on the boundary of X is required. Sometimes a function satisfying the hypothesis of the first theorem is called an “outward” mapping, and one satisfying the conditions of the second, an “inward” mapping.

Theorem 4.3.6 Let E be a locally convex topological vector space, and X a nonempty compact convex subset of E. Let F : X → 2^E be a cusco, and suppose that for each x ∈ ∂X, there exists y ∈ F (x), z ∈ X, λ < 0 such that y − x = λ(z − x). Then F has a fixed point.

Proof. Suppose the contrary. Then by Lemma 4.3.4 , there is a continuous f : X → E^∗ such that f(x) is strictly positive on x − F (x). By Lemma 4.3.5, there exists x_0 ∈ X such that ⟨f(x_0), x_0 − x⟩ ≥ 0, for all x ∈ X. (4.1)

There are two cases to consider.

First suppose x_0 ∉ ∂X. Since X is convex, for y ∈ E, there is an ϵ > 0 with x = x_0 − ϵy ∈ X. We have 0 ≤ ⟨f(x_0), x − x_0⟩ = ϵ⟨f(x_0), y⟩. Thus ⟨f(x_0), y⟩ ≥ 0 for all y ∈ E. Replacing y with −y, we obtain ⟨f(x_0), y⟩ = 0, for all y ∈ E. On the other hand, f(x_0) is strictly positive on the nonempty set x_0 − F (x_0), and so we have a contradiction.

Now suppose x_0 ∈ ∂X. Then by our assumption, choose y ∈ F (x_0), x ∈ X, λ < 0 with y − x_0 = λ(x − x_0). Since f(x_0) is strictly positive on x_0 − F (x_0), we have

0 < ⟨f(x_0), x_0 − y⟩ = λ⟨f(x_0), x_0 − x⟩ ≤ 0,

by (4.1) above, and since λ < 0. Thus again we have a contradiction. It follows that F must have a fixed point. ■

The corresponding result for inward mappings is easily obtained from the previous theorem.

Theorem 4.3.7 Let E be a locally convex topological vector space, and X a nonempty compact convex subset of E. Let F : X → 2^E be a cusco, and suppose that for each x ∈ X, there exists y ∈ F (x), z ∈ X, λ > 0 such that y − x = λ(z − x). Then F has a fixed point.

Proof. We reduce this to the previous case of theorem 4.3.6. Define G : X → 2^E by G(x) = 2x − F (x). Then G is a cusco. Now, for x ∈ ∂X, choose y ∈ F (X), z ∈ X, λ > 0 such that y − x = λ(z − x). Then 2x − y ∈ G(x), and

(2x − y) − x = x − y = −λ(z − x), with − λ < 0.

Thus G satisfies the hypothesis for the previous theorem, and so has a fixed point, say x. Then x ∈ 2x − F (x). It follows that x is a fixed point for F . ■

Chapter 5

Applications

The application of topological fixed point theory is vast. In fields such as economics and game theory it is the only known method by which many important results are obtained. Brouwer can be used to show the existence of a winner in the game of Hex [28], and has been useful in other two player mathematical games. The theory is also fundamental in showing the existence of solutions for differential equations. As well, Brouwer’s theorem and its relatives have served to simplify existing proofs of many well known results. In this chapter we highlight a few of these applications.

5.1 The KKM-Map Principle

In chapter two we saw that Sperner ⇒ KKM ⇒ Brouwer. The ease in which this chain was established caused much speculation as to their equivalence. The question was open for almost 50 years, when in 1974 Yoseloff showed that Brouwer ⇒ Sperner. This is perhaps one of the most important relationships Brouwer’s theorem has with any result. Together, the three theorems form a mathematical trinity that has had a great number of applications.

The KKM theorem was extended to topological vector spaces in 1952 by Ky Fan [23]. Its extensions and equivalent formulations have had such an effect as to have spawned a branch of research known as KKM theory. The theorem itself has become known as the KKM–map principle, and has been widely used as a tool for fixed point theory, minimax problems, dimension theory, and mathematical economics. As such, we consider Brouwer ⇒ KKM to be an important application of the Brouwer fixed point theorem.

Theorem 5.1.1 (KKM) Let X be a nonempty subset of Euclidean space E. Suppose that for every x ∈ X, there exists a closed subset M(x) ⊆ X such that

convF ⊆ ⋃ x∈F M(x)

for all finite subsets F of X. Then, for any finite subset F of X, ⋂ x∈F M(x) ≠ ∅.

Hence, if for some x ∈ X, M(x) is compact, we have ⋂ x∈X M(x) ≠ ∅.

Proof. Suppose the contrary. That is, suppose the hypothesis of the theorem, and that F = {x_1, x_2, . . . , x_m} is a finite set in X with ∩^m_{i=1}M(x_i) = ∅.

Consider f : conv(F ) → E defined by y → ∑_m

i=1 d_{M(xi)}(y)x_i ∑_m

i=1 d_{M(xi)}(y) . This map is well–defined since by assumption ∩^m_{i=1}M(x_i) = ∅. Thus we have f is a self–map on conv(F ). By Brouwer’s theorem, f has a fixed point, say z.

Define F^′ = {x ∈ F : z /∈ M(x)}. Now, z = ∑_m

i=1 d_{M(xi)}(z)x_i ∑_m

i=1 d_{M(xi)}(z) . Note that z /∈ M(x) ⇔ d_{M(x)}(z) ≠ 0. Therefore z can be written as a convex combination of elements in conv(F^′). From the assumed property, conv(F^′) ⊆ ∪_{x∈F} ′ M(x). This implies z ∈ M(x) for some x ∈ F^′, a contradiction. Thus ∩^m_{i=1}M(x_i) ≠ ∅.

The final statement of the theorem follows using the finite intersection property characterization of compactness. ■

Multifunctions satisfying the hypothesis of the KKM theorem, that is, functions F : X → 2^X with conv{x_1, . . . , x_n} ⊆ ∪^n_{i=1}F (x_i), for finite subsets {x_1, . . . , x_n} of X, are called KKM–maps. For example, let E be a normed linear space, X a convex subset, and f : X → E a continuous function. Then it can be shown that G : X → 2^X defined by

G(x) = {y ∈ X : ‖f(y) − y‖ ≤ ‖f(y) − x‖} is a KKM–map. Thus the KKM–map principle is useful in showing the existence of best approximations. A thorough account of fixed point theory and best approximations can be found in [51].

5.2 Solutions to Differential Equations

The usefulness of fixed point theorems in proving the existence of solutions for differential equations cannot be overstated. Often, the solution of an equation is found to coexist with the existence of a fixed point of some related function. For example, a solution to the equation F (x) = 0 is a fixed point of F (x) + x. If the set of valid solutions can be viewed as a compact convex subset of some space, then it may be possible to show the existence of a fixed point using topological fixed point theorems. Often in this area, the space is a function space, and so Schauder’s theorem may be helpful.

As an example, we show the existence of a continuous y : R → R^n with

y^′(t) = f(t, y(t))

y(a) = b, where f is a continuous function of t and y, in a neighbourhood of (a, b).

First note that by continuity, we can assume |f(t, y)| ≤ K, for |t−a| ≤ ϵ, and |y −b| ≤ ϵ. Let δ < min {ϵ,^ϵ_K }. Consider the space E of functions from R into R^n that are continuous on |t−a| < δ. We equip E with the uniform norm. The set to which we will apply Schauder’s theorem is X = {y ∈ E : |y(t) − b| ≤ δK, for all t}.

It is not hard to see that M is closed and convex. next, define h : X → X by

h(y)(t) = b +

∫_t a f(s, y(s))ds.

Then for y ∈ X, |h(y)(t) − b| ≤ |t − a| max {|f(s, y(s))|} ≤ δK. Thus, h is indeed a self–map of X. Also h is continuous, since

|h(y_1) − h(y_2)| = sup_t | | ∫_t a f(s, y_1(s)) − f(s, y_2(s)) | | approaches zero as |y_1 − y_2| → 0, by uniform continuity of f. Next note that for any y ∈ X, |h(y)| ≤ |b|+δK, and so h(X) is uniformly bounded. Also note that h(X) is equicontinuous, since |h(y)(t_1) − h(y)(t_2)| ≤ | | | ∫_{t2}

t_1

f(s, y(s))ds | | | ≤ K|t^1 − t^2|.

It follows that h(X) is precompact, and so we can apply Schauder’s (second) theorem to see that h has a fixed point. This fixed point solves the equation.

Banach’s contraction principle is also very important for showing existence of solutions to DE’s. A nice description of various problems and generic methods for changing solution existence problems into fixed point problems can be found in [52].

5.3 The Jordan Curve Theorem

Many authors have employed Brouwer’s theorem to give a simplified proof of a known result in mathematics. One such application is Maehara’s proof of the Jordan Curve theorem [42]. A Jordan curve is the image under a homeomorphism of a circle. The Jordan curve theorem says that in R^2, the compliment of a Jordan curve J consists of two components, each of which have J as its boundary. This result is notoriously difficult to prove. The first rigorous proof appeared in 1905 [55]. In 1984 Maehara used Brouwer’s theorem to give a simplified version of a proof by Moise [44]. Still, a simplified proof of the Jordan curve theorem need not be brief. We present here the lemmas Maehara used to bypass some of the tedious arguments in Moise’s proof.

Let J be a Jordan curve in R^2. By E(a, b; c, d) we mean the rectangular region {(x, y) : a ≤ x ≤ b, c ≤ y ≤ d}.

Theorem 5.3.1 If R^2 − J is not connected, then each of its components has J as its boundary.

Proof. Let U be a component of R^2 − J. Then for any other component W , we have (U ⋂ U^c) ⋂ W = ∅. Thus U ⋂ U^c is contained in J. If U ⋂ U^c ≠ J, the let A ⊆ J be an arc with U ⋂ U^c ⊆ A. Now, since J is bounded, R^2 − J can have only one unbounded component. Thus we must have at least one bounded component.

First assume that U is a bounded component. Choose a ∈ U, and let D be a disk centred at a, containing J. By the Tietze Extension theorem, the function id : A → A has a continuous extension R : D → A. We define f : D → D \ {a} by

f(x) = r(x), if x ∈ U, x, if x ∈ U^c.

Note that U ⋂ U^c ⊆ A, so f is well-defined and continuous. Now let p : D \ {a} → S be the projection through a onto the boundary S of the disk, and g : S → S the antipodal map. Then the function g ∘ f : D → D is continuous with no fixed point, violating Brouwer’s theorem. Thus U ⋂ U^c = J.

The case where U is unbounded follows similarly, by letting

f(x) = r(x), if x ∈ U^c, x, if x ∈ U.

■

Next Maehara uses Brouwer’s theorem to prove the following. Suppose in a rectangle we have two paths, one going from the left to the right side, and the other starting at the top and ending somewhere along the bottom. Then these paths must intersect.

Theorem 5.3.2 Let f(t) = (f_1(t), f_2(t)) and g(t) = g_1(t), g_2(t)), for −1 ≤ t ≤ 1, be paths in E(a, b; c, d) such that

f_1(−1) = a, f_1(1) = b, g_2(−1) = c, g_2(1) = d.

Then there exists t ∈ [−1, 1] such that f(t) = g(t).

Proof. Suppose the contrary. If f(s) ≠ g(t) for all s, t ∈ [0, 1], then the function h defined by h(s, t) =

(g_1(t) − f_1(s), f_2(s) − g_2(t)) max {|f_1(s) − g_1(t)|, |f_2(s) − g_2(t)|} is well–defined and continuous, and maps E into its boundary. Thus by Brouwer’s theorem, hh has a fixed point say (s, t). But h(s, t) = (s, t) implies |s| = 1 or |t| = 1. Examining these four possibility gives a contradiction in each case. ■

Using these two results, Maehara proves the Jordan Curve theorem by first constructing a particular point z ∈ R^2 −J, and proving that the component containing z must be bounded, and then showing there can be no other bounded component than this. For details, see [42].

5.4 Existence of Equilibrium Points

Kakutani’s theorem has had far reaching influences in game theory and economic theory where the goal is to show the existence of an equilibrium point. There are literally hundreds of citations of the theorem in the literature. Famous results by Nash, von Neumann, and Ky Fan have been shown to be consequences of Kakutani’s fixed point theorem. Using Brouwer’s theorem, Arrow and Debreu put to rest the centuries old question of the existence of an equilibrium in a competitive economy [4]. Here we present a famous lemma by von Neumann, from which he obtained a fundamental result in the theory of games.

Theorem 5.4.1 (von Neumann) Let X and Y be nonempty compact convex subsets of R^n. Suppose A and B are closed subsets of X ×Y such that A(y) = {x ∈ X : (x, y) ∈ A} and B(x) = {y ∈ Y : (x, y) ∈ B} are nonempty closed convex subsets of X and Y respectively. Then A ⋂ B is nonempty and compact.

The original proof by Von Neumann was somewhat complicated and used a notion of integrals in Euclidean space. The theorem is very easy to prove using Kakutani’s theorem. In fact, Kakutani published his theorem as a method for proving this lemma, from which it is not hard to obtain von Neumann’s minimax theorem.

Proof. Define F : X × Y → X × Y by F (x, y) = A(y) × B(x). Compactness, convexity, and nonemptiness of F (x, y) follow from that of its components parts. Also , it follows from the closedness of A and B that F is usc. Thus by Kakutani’s theorem, F has a fixed point, say (x, y) ∈ A(y) × B(x). It follows that (x, y) ∈ A ⋂ B. ■

From the lemma, it is not hard to obtain the famous von Neumann minimax theorem. We state the theorem here, and refer to [36] for the proof.

Theorem 5.4.2 Let K ⊆ R^m, L ⊆ R^n be closed and convex, and f : K × L → R continuous. Suppose for all x ∈ K and αinR, {y ∈ L : f(x, y) ≤ α} is convex, and for all y ∈ L, and βinR, {x ∈ K : f(x, y) ≥ β} is convex. Then

max_{x∈K} min_{y∈L} f(x, y) = min_{y∈L} max_{x∈K} f(x, y).

5.5 A Note on the Fundamental Theorem of Algebra

In a 1949 paper [2], B.H. Arnold wrote “. . . it has been known for some time that the fundamental theorem of algebra could be derived from Brouwer’s fixed point theorem.”. He continued to give a simple one page proof that a polynomial with degree n ≥ 1 has at least one complex root. Unfortunately, he did this by applying Brouwer’s theorem to a discontinuous function. This error was spotted and a correction was published less than two years later [3]. In 1951, M.K. Fort followed up with a brief proof, using the existence of continuous nth roots of a continuous non zero function on a disk in the complex plane to show that Brouwer can be used to prove the fundamental theorem [25]. In this author’s opinion, except for an ill–fated choice of titles, this would have probably been the end of the incorrect proof by Arnold. Arnold’s paper was boldly called “A Topological Proof of the Fundamental Theorem of Algebra”, whereas Fort’s paper was modestly titled “Some Properties of Continuous Functions”. Since 1949, citations of Arnold’s paper have popped up from time to time as proof of the existence of a topological proof of the fundamental theorem of algebra, including in a four hundred page volume on fixed point theory published in 1981, a talk given in 2000 at a meeting of the Association for Symbolic Logic, as well as in newsgroup discussions that are at least as recent as 1998. On the other hand, this author had a difficult time tracking down Fort’s paper, even knowing before hand that it did exist. No amount of searching electronic databases with relevant key words would produce it, though Arnold’s paper was invariably returned. Perhaps it would have been useful for Fort to rename his work “A Correct Topological Proof of the Fundamental Theorem of Algebra”. It seems certain that Arnold would have preferred this to having his blunder quoted so long after he made his apologies.

Appendix: A Compact Contractible Set Without the tfpp

It was long thought that contractibility and compactness were the key properties needed for a set in finite dimensions to inherit the fixed point property. A set with a hole in it could be rotated about this hole, leaving no points fixed. A set missing limit points could be shifted towards a limit point, fixing no elements. In 1932 K. Borsuk asked if a compact contractible set should always have the fixed point property. The question was open for more than 20 years, until Shin’ichi Kinoshita gave the following example [38].

We construct our mapping on a subset of R^3, made up of the following sets, A_1, A_2, and A_3.

A_1 = {(r, θ, z) : 0 ≤ θ ≤ 2π, 0 ≤ r < 1, z = 0}

A_2 = {(r, θ, z) : 0 ≤ θ ≤ 2π, r = 1, 0 ≤ z ≤ 1}

A_3 = {(r, θ, z) : r = 2 π arctan(φ), θ = φmod2π, 0 ≤ φ < ∞, 0 ≤ z ≤ 1}

We equip A with the relative topology from R^3. A is closed and bounded, thus compact. Let g,h : A → A be defined by g(r, θ, z) = (r, θ, 0), and h(r, θ, z) = (0, θ, z). Then h ∘ g testifies to the contractibility of A.

Figure 5.1: Kinoshita’s example: A = A_1 ∪ A_2 ∪ A_3.

Kinoshita’s example was based on the following idea. Imagine grasping the top of A with on hand, the bottom with another hand. Twist the top counter-clockwise π radians, the bottom clockwise π radians. As you twist A in this manner, in order to stay in A_3, elements in A_3 near z = 1 will increase in radius as they rotate. Elements in A_3 near z = 0 will shrink in radius as they are rotated. As A_1 is rotated, elements close to the boundary r = 1 will be rotated π radians. Those closer to the center will be stretched towards the origin as they are rotated.

As described, this mapping will have problems at the origin. Thus in a neighbourhood around the origin we have to do some extra twisting and turning to guarantee the function has the desired properties. The following function formalizes this procedure.

On A_1 we define f : A → A by

f(r, θ, z) = { (^2_π arctan(tan(^{πr}_2 − π)), θ − π, 0) r ≥^2_π arctan(π) (0, 0, 1 −^1_π arctan(^{πr}_2 )) 0 ≤ r ≤^2_π arctan(π) . Thus f maps (0, 0, 0) to (0, 0, 1), the circle r =^2_π arctan(π) to (0, 0, 0), and the points inside this circle onto the segment r = 0, 0 < z ≤ 1. The points comprising the annulus outside this circle are mapped as described in the above description. That is, the annulus is rotated π radians as its inner boundary circle is contracted to the origin. Note that this function leaves no point of A_1 fixed.

On A_2 f is given by

f(1, θ, z) = { (1, (θ − π + 2πz) mod 2π, z +^z_2 ) 0 ≤ z ≤^1_2 (1, (θ − π + 2πz) mod 2π,^1_2 +^z_2 )^1_2 ≤ z ≤ 1 . Thus the top of the cylinder is rotated counter clockwise π radians, the bottom clockwise π radians. At the same time, the circle r =^2_π arctan(π),z = 1, is pulled upward to z =^3_4 , stretching the bottom half of the cylinder with it, and compressing the top half of the cylinder between^3_4 ≤ z ≤ 1. The twisting motion ensures no points in A_2 off the circle at z =^1_2 are fixed, and the lifting motion ensures no point on this circle is left fixed.

On A_3, f is a little more complicated. Outside the circle r =^2_π arctan(π), f behaves pretty much as described in the discussion. However, to keep continuity with regard to f as defined on A_1, and to ensure no point on the segment 0 ≤ z ≤ 1, r = 0 remains fixed, we have to do a little more twisting and turning.

For 0 ≤ φ ≤ π, define f on A_3 by

f(r, θ, z) = { (^2_π arctan((φ + π)z, (φ + π)z mod 2π, 1 +^φ_π (^3_2 z − 1)) 0 ≤ z ≤^1_2 (^2_π arctan((φ + π)z, (φ + π)z mod 2π, 1 +^φ_π (^1_2 z −^1_2 ))^1_2 ≤ z ≤ 1 . For π ≤ φ < ∞, f is define by

f(r, θ, z) = { (^2_π arctan(φ − π + 2πz), (φ − π + 2πz) mod 2π, z +^z_2 ) 0 ≤ z ≤^1_2 (^2_π arctan(φ − π + 2πz), (φ − π + 2πz) mod 2π,^1_2 +^z_2 )^1_2 ≤ z ≤ 1 .

It is easily verified that on A_1 ∩ A_2, f|_{A1} = f|_{A2} , and likewise f is consistent on A_1 ∩ A_3. Also lim_{r→1} f|_{A3} (r, θ, z) = f|_{A2} (1, θ, z). Since f is continuous on each component of A, it is continuous on A, and by design has no fixed point.

Bibliography

[1] Armstrong, M.A. Basic Topology. Springer-Verlag, New York, 1983. [2] Arnold, B.H., A Topological Proof of the Fundamental Theorem of Algebra. Amer.

Math. Monthly. 56 (1949), 465–466.

[3] Arnold, B.H., and Niven, Ivan, A Correction. Amer. Math. Monthly. 58 (1951), 104. [4] Arrow, Kenneth J., Debreu, Gerard. On the Existence of an Equilibrium for a Competitive Economy. Econometrica. 22 (1954), 265–290.

[5] Báez–Duarte, L. Brouwer’s Fixed Point Theorem and a Generalization of the Formula for Change of Variables in Multiple Integrals.J. Math. Anal. Appl. 177 (1993), 412–414.

[6] Bing, R.H., The Elusive Fixed Point Property. Amer. Math. Monthly. 76 (1969), 119– 132.

[7] Birkhoff, G.D. and Kellogg, O.D. Invariant Points in Function Space. Trans. of the Amer. Math. Soc.. 23 (1922),96-115.

[8] Bohl, P. über die Bewegung eines mechanischen Systems in der Nähe einer Gleichgewichtslage. J. Reine Angew. Math. 127 (1904), 179–276.

[9] Bohnenblust, H.F. and Karlin, S. On a Theorem of Ville. Contributions to the Theory of Games. Princeton University Press, New Jersey, 1950.

[10] Bondy, J.A., and Murty, U.S.R. Graph Theory with Applications. North-Holland, New York, 1976.

[11] Borwein, Jonathan M., and Lewis, Adrian S. Convex Analysis and Nonlinear Optimization. Springer-Verlag, New York, 2000.

[12] Brouwer, L.E.J. Uber ein eindeutige, stetige Transformationen von Flachen in sich.

Math. Ann. 69 (1910), 176–180.

[13] Brouwer, L.E.J. Uber Abbildung von Mannigfaltigkeiten. Math. Ann. 71 (1912), 97– 115.

[14] Brouwer, L.E.J. An Intuitionist Correction of the Fixed–Point Theorem on the Sphere, Proc. Roy. Soc. London A 213 (1952), 1–2.

[15] Boyce,W.M. Commuting Functions with no Fixed Point. Trans. Amer. Math. Soc. 137 (1969), 77–92.

[16] Browder, F.E. The Fixed Point Theory of Multi–valued Mappings in Topological Vector Spaces. Mathematische Annalen. 177 (1968), 283–301.

[17] Cacciopoli, R. Un teorema generale sull’esistenza di elementi uniti in una trasformazione funzionale. Accad. Naz. Lincei Rend., s. VI. 11 (1930), 794–799.

[18] Cellina, A. Fixed Points of Noncontinuous Mappings. Atti Accad. Naz. Lincei Rend.

49 (1970), 30–33.

[19] Darbo, G. Punti Uniti in Transformazioni a Condominio non Compatto. Rend Sem.

Mat. Univ. Padova 24 (1955), 84–92.

[20] Debreu, G. Existence of Competitive Equilibrium. Handbook of Mathematical Economics, K.J. Arrow and M.D. Intriligator, eds., II, North–Holland, 1982, 697–743.

[21] Dugundgi, J. Topology. Allyn and Bacon, Boston, 1966.

[22] Evans, L.C. Partial Differential Equations. American Math. Soc., Providence R.I., 1998. [23] Fan, K. Fixed–Point and Minimax Theorems in Locally Convex Topological Linear Spaces. Proc. Nat. Acad. Sci. USA 38 (1952), 121–126.

[24] Fan, K. A Generalization of Tychonoff’s Fixed Point Theorem. Math. Ann. 142 (1961), 305–310.

[25] Fort, M.K., Some Properties of Continuous Functions. Amer. Math. Monthly. 59 (1952), 372–375.

[26] Freudenthal, H.(ed.) L.E.J. Brouwer – Collected Works, vol. 2. American Elsevier, New York, 1976.

[27] Franklin, J. Mathematical Methods of Economics. Springer–Verlag, New York, 1983. [28] Gale, David. The Game of Hex and the Brouwer Fixed–Point Theorem. Amer. Math.

Monthly. 86 (1979), 818–827.

[29] Goebel, K., and Kirk, W.A. Topics in Metric Fixed Point Theory. Cambridge University Press, Cambridge, 1990.

[30] Glicksberg, I.L. A Further Generalization of the Kakutani Fixed Point Theorem, with Application to Nash Equilibrium Points. Proc. Amer. Math. Soc. 3 (1952), 170–174.

[31] Graves, Lawrence M. The Theory of Functions of Real Variables. McGraw–Hill Book Company, New York, 1956.

[32] Gröger , K. A Simple Proof of the Brouwer Fixed Point Theorem. Math. Nachr. 102 (1980), 293–295.

[33] Himmelberg, C.J. Fixed Points of Compact Multifunctions. J. Math. Anal. Appl. 38 (1972), 205–207.

[34] Huneke, J.P. On Common Fixed Points of Commuting Continuous Functions on an Interval. Trans. Amer. Math. Soc. 139 (1969), 371–81.

[35] Istratescu, V.I. Fixed Point Theory. D.Reidel Publishing Comp. Boston, 1981. [36] Kakutani, Shizuo. A Generalization of Brouwer’s Fixed Point Theorem. Duke Math.

Journal. 8 (1941), 457-459.

[37] Kannai, Y. An Elementary Proof of the No Retraction Theorem. Amer. Math. Monthly.

88 (1981), 264–268.

[38] Kinoshita, S. On Some Contractible Continua without Fixed Point Propety. Fund.

Math. 40 (1953), 96–98.

[39] Klee, V.L., Jr., Some Topological Properies of Convex Sets, Trans. Amer. Math. Soc.

78 (1955), 30–45.

[40] Lax, P.D. Change of Variables in Multiple Integrals. Amer. Math. Monthly. 106 (1999), 497–501.

[41] Lax, P.D. Change of Variables in Multiple Integrals II. Amer. Math. Monthly. 108 (2001), 115–119.

[42] Maehara, R. The Jordan Curve Theorem Via the Brouwer Fixed Point Theorem. Amer.

Math. Monthly. 91 (1984), 641–643.

[43] Milnor, J. Analytic Proofs of the “Hairy Ball Theorem” and the Brouwer Fixed Point Theorem. Amer. Math. Monthly. 84 (1978), 521–524.

[44] Moise, E.E. Geometric Topology in Dimensions 2 and 3. Springer–Verlag, Berlin– Heidelberg–New York, 1977. ’ [45] Neumann, J. von. Zur Theorie der Gesellschafttsspiele. Math. Ann. 100 (1928), 295– 320.

[46] Neumann, J. von. über ein ökonomisches Gleichungssystem und eine Verallgemeinerung des Brouwerschen Fixpunktsatzes. Erg. Math. Kolloqu. 8 (1937), 73–83.

[47] Park, S. Ninety Years of the Brouwer Fixed Point Theorem. Vietnam J. Math. 27 (1998), 187–222.

[48] Rogers, C.A. A Less Strange Version of Milnor’s Proof of Brouwer’s Fixed Point Theorem. Amer. Math. Monthly. 87 (1980), 525–527.

[49] Samelson, H. On the Brouwer Fixed Point Theorem. Portugal. Math. 22 (1963), 189– 191.

[50] Schauder, J. Der Fixpunktsatz in Funktionalräumen. Studia. Math. 2 (1930), 171–180. [51] Singh, S., Watson, B., Srivastava,P. Fixed Point Theory and Best Approximation: The KKM–Map Principle. Kluwer Academic Publishers, Boston, 1997.

[52] Smart, D.R. Fixed Point Theorems, Cambridge University Press, Cambridge, 1974. [53] Su, F.E. Borsuk–Ulam Implies Brouwer: A Direct Construction. Amer. Math. Monthly.

104 (1997), 855–859.

[54] Tannery, J. Introduction á la Théorie des Fonctions d’une Variable, 2ème ed., t. II, Hermann, Paris, 1910.

[55] Veblen, O. Theory of Plane Curves in Nonmetrical Analysis Situs. Trans. Amer. Math.

Soc. 6 (1905), 83–98.

[56] Yoseloff, M. Topological proofs of some combinatorial theorems, J. Math. Anal. Appl.

46 (1974), 95–111.