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is invariant under
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Non-trivial applications:
Examples of non-square X[p] for p < 25000 (Stein)
Joint work with V.D. on the Parity Conjecture
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Computing analytic ranks

Conjecture (Birch–Swinnerton-Dyer). .

ords=1L(A/K, s) = rank A(K)/torsion

leads=1L(A/K, s) =
C · Ω ·R · |X|

|∆K|dim A/2 · |A(K)tors|2

Take g-dimensional A/Q, write L(s) = L(A, s).

Want: compute L(1) or L(k)(1) explicitly (assuming every conjecture)
to predict the Mordell-Weil rank and |X|.
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But possible in practice.

Question: An algorithm to do this, e.g. for hyperelliptic curves?
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Question: How to do this efficiently in practice?
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100,000,000 coefficients, 6 digits =⇒ N ∼ 1015

Curves:

y2 = x3 + 23231x + 1437209 g = 1
y2 + y = x5 + 101x g = 2
y2 + (x9+x8+x4+x3+x+1)y = −x17+x15−x14−x11 g = 8

Dedekind ζ-function:

ζ(K, s), K = Q( 13
√

3)

Twists:

L(E/K, s)/L(E/Q, s)

with E = 43A1, K = Q( 5
√

2) (N = 28510434).



Example: A genus 3 curve
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Example: A genus 3 curve

C/Q : y4 − y3 − y2 + y = x4 − x

∆ = 33 · 64689089
N = 32 · 64689089

Compute L(C, s)|s=1

L(1) = 0.00000
L′(1) = 0.00000
1
2!L

′′(1) = 0.00000
1
3!L

(3)(1) = 0.00000
1
4!L

(4)(1) = 0.00000
1
5!L

(5)(1) = 3.64636

So expect J(C) have Mordell-Weil rank 5.
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Example: Abelian twists of elliptic curves

> E:=EllipticCurve(CremonaDatabase(),"26B2");
> K:=CyclotomicField(27);
> G:=DirichletGroup(27,CyclotomicField(EulerPhi(27)));

> lvalue:=1;
> for Chi in Elements(G) do
> L:=TensorProduct(LSeries(E),LSeries(Chi),[]);
> lvalue*:=Evaluate(L,1);
> end for;

> Real(lvalue) * Sqrt(Abs(Discriminant(K)))
> / &*[d[4]: d in LocalInformation(BaseChange(E,K))]
> / (2*Periods(E)[1]*Imaginary(Periods(E)[2]))^9
> * #TorsionSubgroup(BaseChange(E,K))^2;
1214534039480.99999999999999998 (= 3678172)
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Example: Non-abelian twists of elliptic curves

E = X1(11) over K = Q( 3
√

m).

Semistable =⇒ root number w(E/K) = (−1)#{v|∞}+#{v split mult.}

So w = 1 for 11 - m and w = −1 for 11|m,
thus expect even Mordell-Weil rank ⇐⇒ 11 - m. In fact,

• 3∞-Selmer rank is even ⇐⇒ 11 - m (Parity Conjecture)
• For 11 - m, 3-Selmer is non-trivial ⇐⇒ p|m with Ẽ(Fp)[p] 6= 0.

Analytic computation:

m 2 3 5 6 7 11 · · · 29 30 31 33 34 · · · 71 · · ·
rk 0 0 0 0 0 1 · · · 0 0 0 1 0 · · · 2 · · ·
|X| 1 1 4 1 1 ? · · · 9 1 1 ? 25 · · · ? · · ·


